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Preface

Optimization formulations and algorithms have long played a central role in
data analysis and machine learning. Maximum likelihood concepts date to
Gauss and Laplace in the late 1700s; problems of this type drove developments
in unconstrained optimization in the latter half of the 20th century. Man-
gasarian’s papers in the 1960s on pattern separation using linear programming
made an explicit connection between machine learning and optimization in the
early days of the former subject. During the 1990s, optimization techniques
(especially quadratic programming and duality) were key to the development
of support vector machines and kernel learning. The period 1997-2010 saw
many synergies emerge between regularized / sparse optimization, variable
selection, and compressed sensing. In the current era of deep learning, two
optimization techniques—stochastic gradient and automatic differentiation
(a.k.a. back-propagation)—are essential.

This book is an introduction to the basics of continuous optimization, with
an emphasis on techniques that are relevant to data analysis and machine
learning. We discuss basic algorithms, with analysis of their convergence
and complexity properties, mostly (though not exclusively) for the case of
convex problems. An introductory chapter provides an overview of the use of
optimization in modern data analysis, and the final chapter on differentiation
provides several perspectives on gradient calculation for functions that arise in
deep learning and control. The chapters in between discuss gradient methods,
including accelerated gradient and stochastic gradient; coordinate descent
methods; gradient methods for problems with simple constraints; theory and
algorithms for problems with convex nonsmooth terms; and duality based
methods for constrained optimization problems. The material is suitable for a
one-quarter or one-semester class at advanced undergraduate or early graduate
level. We and our colleagues have made extensive use of drafts of this material
in the latter setting.

ix



X Preface

This book has been a work in progress since about 2010, when we began
to revamp our optimization courses, trying to balance the viewpoints of
practical optimization techniques against renewed interest in non-asymptotic
analyses of optimization algorithms. At that time, the flavor of analysis of
optimization algorithms was shifting to include a greater emphasis on worst-
case complexity. But algorithms were being judged more by their worst-case
bounds rather than by their performance on practical problems in applied
sciences. This book occupies a middle ground between analysis and practice.

Beginning with our courses CS726 and CS730 at University of Wisconsin,
we began writing notes, problems, and drafts. After Ben moved to UC Berkeley
in 2013, these notes became the core of the class EECS227C. Our material
drew heavily from the evolving theoretical understanding of optimization
algorithms. For instance, in several parts of the text, we have made use of the
excellent slides written and refined over many years by Lieven Vandenberghe
for the UCLA course ECE236C. Our presentation of accelerated methods
reflects a trend in viewing optimization algorithms as dynamical systems,
and was heavily influenced by collaborative work with Laurent Lessard and
Andrew Packard. In choosing what material to include, we tried to not be
distracted by methods that are not widely used in practice but also to highlight
how theory can guide algorithm selection and design by applied researchers.

We are indebted to many other colleagues whose input shaped the material
in this book. Moritz Hardt initially inspired us to try to write down our views
after we presented a review of optimization algorithms at the bootcamp for
the Simons Institute Program on Big Data in Fall 2013. He has subsequently
provided feedback on the presentation and organization of drafts of this
book. Ashia Wilson was Ben’s TA in EECS227C, and her input and notes
helped us to clarify our pedagogical messages in several ways. More recently,
Martin Wainwright taught EECS227C and provided helpful feedback, and
Jelena Diakonikolas provided corrections for the early chapters after she
taught CS726. André Wibisono provided perspectives on accelerated gradient
methods, and Ching pei Lee gave useful advice on coordinate descent. We are
also indebted to the many students who took CS726 and CS730 at Wisconsin
and EECS227C at Berkeley who found typos and beta tested homework
problems, and who continue to make this material a joy to teach. Finally,
we would like to thank the Simons Institute for supporting us on multiple
occasions, including Fall 2017 when we both participated in their program
on Optimization.

Madison, Wisconsin, USA
Berkeley, California, USA



1

Introduction

This book is about the fundamentals of algorithms for solving continuous
optimization problems, which involve minimizing functions of multiple real-
valued variables, possibly subject to some restrictions or constraints on the
values that those variables may take. We focus particularly (though not
exclusively) on convex problems, and our choice of topics is motivated by
relevance to data science. That is, the formulations and algorithms that we
discuss are useful in solving problems from machine learning, statistics, and
data analysis.

To set the stage for subsequent chapters, the rest of this chapter outlines
several paradigms from data science and shows how they can be formulated
as continuous optimization problems. We must pay attention to particular
properties of these formulations their smoothness properties and structure
when we choose algorithms to solve them.

1.1 Data Analysis and Optimization

The typical optimization problem in data analysis is to find a model that agrees
with some collected data set but also adheres to some structural constraints that
reflect our beliefs about what a good model should be. The data set in a typical
analysis problem consists of m objects:

D:={(aj,y;), j=12,...,m}, (1.1)

where a; is a vector (or matrix) of features and y; is an observation or label.
(We can assume that the data has been cleaned so that all pairs (a;,y;), ] =
1,2, ...,m have the same size and shape.) The data analysis task then consists
of discovering a function ¢ such that ¢ (a;) ~ y; formost j = 1,2, ...,m. The
process of discovering the mapping ¢ is often called “learning” or “training.”
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The function ¢ is often defined in terms of a vector or matrix of parameters,
which we denote in what follows by x or X (and occasionally by other
notation). With these parametrizations, the problem of identifying ¢ becomes
a traditional data-fitting problem: Find the parameters x defining ¢ such that
¢(aj) = yj, j = 1,2,...,m in some optimal sense. Once we come up with
a definition of the term “optimal” (and possibly also with restrictions on the
values that we allow to parameters to take), we have an optimization problem.
Frequently, these optimization formulations have objective functions of the
finite sum type

m

1
Lp(x) = —~ > laj.yjix). (1.2)

j=1

The function £(a,y;x) here represents a “loss” incurred for not properly
aligning our prediction ¢ (a) with y. Thus, the objective L (x) measures the
average loss accrued over the entire data set when the parameter vector is
equal to x.

Once an appropriate value of x (and thus ¢) has been learned from the data,
we can use it to make predictions about other items of data not in the set D
(1.1). Given an unseen item of data a of the same type as a;, j = 1,2, ...,m,
we predict the label y associated with a to be ¢ (a). The mapping ¢ may also
expose other structures and properties in the data set. For example, it may
reveal that only a small fraction of the features in a; are needed to reliably
predict the label y;. (This is known as feature selection.) When the parameter
X is a matrix, it could reveal a low-dimensional subspace that contains most of
the vectors aj, or it could reveal a matrix with particular structure (low-rank,
sparse) such that observations of X prompted by the feature vectors a; yield
results close to y;.

The form of the labels y; differs according to the nature of the data analysis
problem.

« If each y; is a real number, we typically have a regression problem.

« When each y; is a label, that is, an integer drawn from the set {1,2, ..., M}
indicating that a; belongs to one of M classes, this is a classification
problem. When M = 2, we have a binary classification problem, whereas
M > 2 is multiclass classification. (In data analysis problems arising in
speech and image recognition, M can be very large, of the order of
thousands or more.)

« The labels y; may not even exist; the data set may contain only the feature
vectors aj, j = 1,2, ...,m. There are still interesting data analysis
problems associated with these cases. For example, we may wish to group
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the a; into clusters (where the vectors within each cluster are deemed to be
functionally similar) or identify a low-dimensional subspace (or a
collection of low-dimensional subspaces) that approximately contains the
a;. In such problems, we are essentially learning the labels y; alongside the
function ¢. For example, in a clustering problem, y; could represent the
cluster to which a; is assigned.

Even after cleaning and preparation, the preceding setup may contain many
complications that need to be dealt with in formulating the problem in rigorous
mathematical terms. The quantities (a;,y;) may contain noise or may be
otherwise corrupted, and we would like the mapping ¢ to be robust to such
errors. There may be missing data: Parts of the vectors a; may be missing,
or we may not know all the labels y;. The data may be arriving in streaming
fashion rather than being available all at once. In this case, we would learn ¢
in an online fashion.

One consideration that arises frequently is that we wish to avoid overfitting
the model to the data set D in (1.1). The particular data set D available to us
can often be thought of as a finite sample drawn from some underlying larger
(perhaps infinite) collection of possible data points, and we wish the function ¢
to perform well on the unobserved data points as well as the observed subset D.
In other words, we want ¢ to be not too sensitive to the particular sample D that
is used to define empirical objective functions such as (1.2). One way to avoid
this issue is to modify the objective function by adding constraints or penalty
terms, in a way that limits the “complexity” of the function ¢. This process is
typically called regularization. An optimization formulation that balances fit
to the training data D, model complexity, and model structure is

Inislzl Lp(x) + Apen(x), (1.3)
X€E

where €2 is a set of allowable values for x, pen(-) is a regularization function or
regularizer, and A > 0 is a regularization parameter. The regularizer usually
takes lower values for parameters x that yield functions ¢ with lower complex-
ity. (For example, ¢ may depend on fewer of the features in the data vectors
aj or may be less oscillatory.) The parameter A can be “tuned” to provide an
appropriate balance between fitting the data and lowering the complexity of ¢:
Smaller values of X tend to produce solutions that fit the training data D more
accurately, while large values of A lead to less complex models.

1 Interestingly, the concept of overfitting has been reexamined in recent years, particularly in the
context of deep learning, where models that perfectly fit the training data are sometimes
observed to also do a good job of classifying previously unseen data. This phenomenon is a
topic of intense current research in the machine learning community.
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The constraint set €2 in (1.3) may be chosen to exclude values of x that are
not relevant or useful in the context of the data analysis problem. For example,
in some applications, we may not wish to consider values of x in which one
or more components are negative, so we could set €2 to be the set of vectors
whose components are all greater than or equal to zero.

We now examine some particular problems in data science that give rise to
formulations that are special cases of our master problem (1.3). We will see that
a large variety of problems can be formulated using this general framework, but
we will also see that within this framework, there is a wide range of structures
that must be taken into account in choosing algorithms to solve these problems
efficiently.

1.2 Least Squares

Probably the oldest and best known data analysis problem is linear least
squares. Here, the data points (a;,y;) liein R" x R, and we solve

min n i (aTx ')2 = L||Ax 113 (1.4)

x 2m = Y Vi - 2m Y2 )
where A the matrix whose rows are a]T, j = L2,....m and y =
(y1,¥2, .-, ym)T. In the preceding terminology, the function ¢ is defined
by ¢(a) := a’x. (We can introduce a nonzero intercept by adding an extra
parameter 8 € R and defining ¢(a) := a’x + B.) This formulation can

be motivated statistically, as a maximum-likelihood estimate of x when the
observations y; are exact but for independent identically distributed (i.i.d.)
Gaussian noise. We can add a variety of penalty functions to this basic least
squares problem to impose desirable structure on x and, hence, on ¢. For
example, ridge regression adds a squared £,-norm penalty, resulting in

1
min 2—||Ax y||% + k||x||§, for some parameter A > 0.
x 2m

The solution x of this regularized formulation has less sensitivity to perturba-
tions in the data (a;,y;). The LASSO formulation

. 1
min —[[Ax I3 + Allx]; (1.5)
x 2m

tends to yield solutions x that are sparse — that is, containing relatively
few nonzero components (Tibshirani, 1996). This formulation performs
feature selection: The locations of the nonzero components in x reveal those
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components of a; that are instrumental in determining the observation y;.
Besides its statistical appeal — predictors that depend on few features are
potentially simpler and more comprehensible than those depending on many
features — feature selection has practical appeal in making predictions about
future data. Rather than gathering all components of a new data vector a, we
need to find only the “selected” features because only these are needed to make
a prediction.

The LASSO formulation (1.5) is an important prototype for many problems
in data analysis in that it involves a regularization term A||x||; that is non-
smooth and convex but has relatively simple structure that can potentially be
exploited by algorithms.

1.3 Matrix Factorization Problems

There are a variety of data analysis problems that require estimating a low-rank
matrix from some sparse collection of data. Such problems can be formulated
as natural extension of least squares to problems in which the data a; are
naturally represented as matrices rather than vectors.

Changing notation slightly, we suppose that each A is an n x p matrix, and
we seek another n x p matrix X that solves

) 1 m )
min Zl(<Aj,X> % (1.6)
j:

where (A, B) := trace(AT B). Here we can think of the A j as “probing” the
unknown matrix X. Commonly considered types of observations are random
linear combinations (where the elements of A; are selected i.i.d. from some
distribution) or single element observations (in which each A; has 1 in a
single location and zeros elsewhere). A regularized version of (1.6), leading
to solutions X that are low rank, is

¢ 2
n;}nﬂzl(<Aj,X> Y+ X s, (1.7)
J:

where || X|, is the nuclear norm, which is the sum of singular values of X
(Recht et al., 2010). The nuclear norm plays a role analogous to the £; norm in
(1.5), where as the £1 norm favors sparse vectors, the nuclear norm favors low-
rank matrices. Although the nuclear norm is a somewhat complex nonsmooth
function, it is at least convex so that the formulation (1.7) is also convex. This
formulation can be shown to yield a statistically valid solution when the true
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X is low rank and the observation matrices A; satisfy a “restricted isometry
property,” commonly satisfied by random matrices but not by matrices with
just one nonzero element. The formulation is also valid in a different context,
in which the true X is incoherent (roughly speaking, it does not have a few
elements that are much larger than the others), and the observations A ; are of
single elements (Candes and Recht, 2009).

In another form of regularization, the matrix X is represented explicitly as
a product of two “thin” matrices L and R, where L € R"*" and R € RP*",
with 7 < min(n, p). We set X = LR” in (1.6) and solve

m
rgig ﬁ Z((AJ,LRT) — )2 (1.8)

j=1
In this formulation, the rank r is “hard wired” into the definition of X, so
there is no need to include a regularizing term. This formulation is also
typically much more compact than (1.7); the total number of elements in
(L,R) is (n + p)r, which is much less than np. However, this function is
nonconvex when considered as a function of (L, R) jointly. An active line of
current research, pioneered by Burer and Monteiro (2003) and also drawing on
statistical sources, shows that the nonconvexity is benign in many situations
and that, under certain assumptions on the data (A;,y;), j = 1,2,...,m and
careful choice of algorithmic strategy, good solutions can be obtained from the
formulation (1.8). A clue to this good behavior is that although this formulation
is nonconvex, it is in some sense an approximation to a tractable problem: If we
have a complete observation of X, then a rank-r approximation can be found
by performing a singular value decomposition of X and defining L and R in

terms of the r leading left and right singular vectors.

Some applications in computer vision, chemometrics, and document clus-
tering require us to find factors L and R like those in (1.8) in which all elements
are nonnegative. If the full matrix ¥ € R"*? is observed, this problem has the
form

aniI? ILRT  Y|3%, subjecttoL >0, R >0

and is called nonnegative matrix factorization.

1.4 Support Vector Machines

Classification via support vector machines (SVM) is a classical optimization
problem in machine learning, tracing its origins to the 1960s. Given the input
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data (aj,y;) witha; € R" and y; € { 1,1}, SVM seeks a vector x € R" and
a scalar 8 € R such that

x pB=>1 when y; = +1, (1.9a)

aj
ajx B=< 1 whenyj= L (1.9b)
Any pair (x, 8) that satisfies these conditions defines a separating hyperplane
in R", that separates the “positive” cases {a; | y; = +1} from the “negative”
cases {aj|y; = —1}. Among all separating hyperplanes, the one that
minimizes | x||? is the one that maximizes the margin between the two classes —
that is, the hyperplane whose distance to the nearest point a; of either class is
greatest.

We can formulate the problem of finding a separating hyperplane as an
optimization problem by defining an objective with the summation form (1.2):

1 m
H(x,B) = n—quax(l — yj(alx = B).0). (1.10)
j=1

Note that the jth term in this summation is zero if the conditions (1.9) are
satisfied, and it is positive otherwise. Even if no pair (x, 8) exists for which
H(x,B8) = 0, a value (x,8) that minimizes (1.2) will be the one that comes
as close as possible to satisfying (1.9) in some sense. A term A||x ||% (for some
parameter A > 0) is often added to (1.10), yielding the following regularized
version:

1 — 1
H(xp)=—3 max(1 yjajx  f).0)+ alxl3. (1.11)
j=1

Note that, in contrast to the examples presented so far, the SVM problem has
a nonsmooth loss function and a smooth regularizer.

If A is sufficiently small, and if separating hyperplanes exist, the pair
(x, B) that minimizes (1.11) is the maximum-margin separating hyperplane.
The maximum-margin property is consistent with the goals of generalizability
and robustness. For example, if the observed data (a;,y;) is drawn from
an underlying “cloud” of positive and negative cases, the maximum-margin
solution usually does a reasonable job of separating other empirical data
samples drawn from the same clouds, whereas a hyperplane that passes close
to several of the observed data points may not do as well (see Figure 1.1).

Often, it is not possible to find a hyperplane that separates the positive
and negative cases well enough to be useful as a classifier. One solution is
to transform all of the raw data vectors a; by some nonlinear mapping ¥ and
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Figure 11 Linear support vector machine classification, with the one class
represented by circles and the other by squares. One possible choice of separating
hyperplane is shown at left If the training data is an empirical sample drawn from
acloud of underlying data points, this plane does not do well in separating the two
clouds (middle) The maximum-margin separating hyperplane does better (right)

then perform the support vector machine classification on the vectors ¥ (a;),
Jj=12,...,m.The conditions (1.9) would thus be replaced by

yjr(gj-)rx —pg=1 when y; = +1; (1.12a)
Yaj)'x —p<—1 wheny; =—1, (1.12b)

leading to the following analog of (1.11):

m

1 1
H(x,p) = — Y max(l y;(¥(apTx  B).0)+ §l||x||§. (1.13)
j=1

When transformed back to R™, the surface {a | ¥ (a)'x B = 0} is nonlinear
and possibly disconnected, and is often a much more powerful classifier than
the hyperplanes resulting from (1.11).

We note that SVM can also be expressed naturally as a minimization
problem over a convex set. By introducing artificial variables, the problem
(1.13) (and (1.11)) can be formulated as a convex quadratic program that is,
a problem with a convex quadratic objective and linear constraints. By taking
the dual of this problem, we obtain another convex quadratic program, in m
variables:

17 T - 1 T
min, Ea' Qo 1'a subjecttol <o < 11, yioa=0, (1.14)
where
Qu = vy yan, y=0uyn....vm)", 1=(11,....,D".

Interestingly, problem (1.14) can be formulated and solved without explicit
knowledge or definition of the mapping 1. We need only a technique to define
the elements of Q. This can be done with the use of a kernel function K : R" x
R" — R, where K (at,ar) replaces g&f(ak)TW(m) (Boser et al., 1992; Cortes
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and Vapnik, 1995). This is the so-called kernel trick. (The kernel function K
can also be used to construct a classification function ¢ from the solution of
(1.14).) A particularly popular choice of kernel is the Gaussian kernel:

1
K (ag, ) = exp( 5l a1||2>,

where o is a positive parameter.

1.5 Logistic Regression

Logistic regression can be viewed as a softened form of binary support vector
machine classification in which, rather than the classification function ¢ giving
a unqualified prediction of the class in which a new data vector a lies, it returns
an estimate of the odds of a belonging to one class or the other. We seek an
“odds function” p parametrized by a vector x € R",

pa;x) = (1 +exp(a’x)) ', (1.15)
and aim to choose the parameter x in so that

plaj;x)~1 wheny; = +1; (1.16a)
plaj;x) ~0 wheny; = 1. (1.16b)

(Note the similarity to (1.9).) The optimal value of x can be found by
minimizing a negative-log likelihood function:

L(x) := —% Z log(1 — p(aj;x)) + Z log p(aj;x)|. (1.17)
Jiyj=-1 Jyj=1
Note that the definition (1.15) ensures that p(a;x) € (0,1) for all a and x;
thus, log(1  p(aj;x)) < Oandlog p(a;;x) < O for all j and all x. When the
conditions (1.16) are satisfied, these log terms will be only slightly negative,
so values of x that satisfy (1.17) will be near optimal.
We can perform feature selection using the model (1.17) by introducing a
regularizer Alx||; (as in the LASSO technique for least squares (1.5)),

. 1

min- — |3 dog(l plajin)+ Y logplajix) |+ Allxl,
Jiyj=—1 Jiyj=l1

(1.18)

where A > 0 is a regularization parameter. As we see later, this term has
the effect of producing a solution in which few components of x are nonzero,
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making it possible to evaluate p(a;x) by knowing only those components of a
that correspond to the nonzeros in x.

An important extension of this technique is to multiclass (or multinomial)
logistic regression, in which the data vectors a; belong to more than two
classes. Such applications are common in modern data analysis. For example,
in a speech recognition system, the M classes could each represent a phoneme
of speech, one of the potentially thousands of distinct elementary sounds
that can be uttered by humans in a few tens of milliseconds. A multinomial
logistic regression problem requires a distinct odds function py for each class
k € {1,2,...,M}. These functions are parametrized by vectors xj;; € R",
k=1,2,...,M, defined as follows:

exp(aTx[k])

pr(a; X) i= ——,
S expa” xp)

=12,....M, (1.19)

where we define X = {xyj|k = 1,2,...,M}. As in the binary case, we
have pr(a) € (0,1) for all @ and all k = 1,2,...,M and, in addition, that
Z,/(V’: | Pr(a) = 1. The functions (1.19) perform a “softmax” on the quantities
{aTX[[] |l = 1,2, ce ,M}.

In the setting of multiclass logistic regression, the labels y; are vectors in
RM whose elements are defined as follows:

1 when a; belongs to class k,
Yjk = ; (1.20)
0  otherwise.

Similarly to (1.16), we seek to define the vectors x[¢ so that

prlaj; X)~1 whenyj, =1 (1.21a)
pr(aj; X)~0 whenyj; =0. (1.21b)

The problem of finding values of x[; that satisfy these conditions can again be
formulated as one of minimizing a negative-log likelihood:

1 m M M
L(X) := - Zl [; ng(x§]aj) log (ZZI exp(x[i]aj))] . (1.22)
j: = =

“Group-sparse” regularization terms can be included in this formulation to
select a set of features in the vectors aj, common to each class, that distinguish
effectively between the classes.
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1.6 Deep Learning

Deep neural networks are often designed to perform the same function as
multiclass logistic regression — that is, to classify a data vector a into one of M
possible classes, often for large M. The major innovation is that the mapping
¢ from data vector to prediction is now a nonlinear function, explicitly
parametrized by a set of structured transformations.

The neural network shown in Figure 1.2 illustrates the structure of a particu
lar neural net. In this figure, the data vector a; enters at the left of the network,
and each box (more often referred to as a “layer”) represents a transformation
that takes an input vector and applies a nonlinear transformation of the data
to produce an output vector. The output of each operator becomes the input
for one or more subsequent layers. Each layer has a set of its own parameters,
and the collection of all of the parameters over all the layers comprises our
optimization variable. The different shades of boxes here denote the fact that
the types of transformations might differ between layers, but we can compose
them in whatever fashion suits our application.

A typical transformation, which converts the vector ai._l representing

output from layer/ 1 to the vector al/ representing output from layer /, is
a = G(Wlaj.—l +gh), (1.23)

where W' is a matrix of dimension |a§. | x |a5._1| and g’ is a vector of length |a§. l.
The function o is a componentwise nonlinear transformation, usually called an
activation function. The most common forms of the activation function o act
independently on each component of their argument vector as follows:

_ Sigmoid: t — 1/(1 +e7");
_ Rectified Linear Unit (ReLU): t — max(z,0).

Alternative transformations are needed when the input to box [ comes from
two or more preceding boxes (as in the case for some boxes in Figure 1.2).
The rightmost layer of the neural network (the output layer) typically has M
outputs, one for each of the possible classes to which the input (a;, say) could
belong. These are compared to the labels y i, defined as in (1.20) to indicate
which of the M classes that a; belongs to. Often, a softmax is applied to the

a-@l~ \- -; M \--;.—‘V

Figure 1.2 A deep neural network, showing connections between adjacent layers,
where each layer is represented by a shaded rectangle.
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outputs in the rightmost layer, and a loss function similar to (1.22) is obtained,
as we describe now.

Consider the special (but not uncommon) case in which the neural net
structure is a linear graph of D levels, in which the output for layer / 1
becomes the input for layer / (for [ = 1,2,...,D) with a; = a?, Jj =
1,2,...,m, and the transformation within each box has the form (1.23). A
softmax is applied to the output of the rightmost layer to obtain a set of odds.
The parameters in this neural network are the matrix vector pairs (W’ , gl ),
I =1,2,...,D that transform the input vector a; = a? into the output ajl.) of
the final layer. We aim to choose all these parameters so that the network does
a good job of classifying the training data correctly. Using the notation w for
the layer to layer transformations, that is,

w := (Wl’g17W2’g27 M ’WD’gD)’

we can write the loss function for deep learning as

1 m M M
L(w) = - Z [Z yﬂaj{’e(w) —log (Z expafe(w)>:| . (1.24)
=1

j=1L¢=1

where a jé z(w) € Ris the output of the £th element in layer D corresponding to
input vector a?. (Here we write af ,(w) to make explicit the dependence on the
transformations w as well as on the input vector a;.) We can view multiclass
logistic regression as a special case of deep learning with D = 1, so that
a}, .= Wel’ .a?, where Wel’. denotes row £ of the matrix W!.

Neural networks in use for particular applications (for example, in image
recognition and speech recognition, where they have been quite successful)
include many variants on the basic design. These include restricted connectiv-
ity between the boxes (which corresponds to enforcing sparsity structure on the
matrices Wl, I = 1,2,...,D) and sharing parameters, which corresponds to
forcing subsets of the elements of W' to take the same value. Arrangements of
the boxes may be quite complex, with outputs coming from several layers, con
nections across nonadjacent layers, different componentwise transformations
o at different layers, and so on. Deep neural networks for practical applications
are highly engineered objects.

The loss function (1.24) shares with many other applications the finite sum
form (1.2), but it has several features that set it apart from the other applications
discussed before. First, and possibly most important, it is nonconvex in the
parameters w. Second, the total number of parameters in w is usually very
large. Effective training of deep learning classifiers typically requires a great
deal of data and computation power. Huge clusters of powerful computers —
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often using multicore processors, GPUs, and even specially architected pro-
cessing units — are devoted to this task.

1.7 Emphasis

Many problems can be formulated as in the framework (1.3), and their
properties may differ significantly. They might be convex or nonconvex, and
smooth or nonsmooth. But there are important features that they all share.

« They can be formulated as functions of real variables, which we typically
arrange in a vector of length n.

« The functions are continuous. When nonsmoothness appears in the
formulation, it does so in a structured way that can be exploited by the
algorithm. Smoothness properties allow an algorithm to make good
inferences about the behavior of the function on the basis of knowledge
gained at nearby points that have been visited previously.

« The objective is often made up in part of a summation of many terms,
where each term depends on a single item of data.

« The objective is often a sum of two terms: a “loss term” (sometimes arising
from a maximum likelihood expression for some statistical model) and a
“regularization term” whose purpose is to impose structure and
“generalizability” on the recovered model.

Our treatment emphasizes algorithms for solving these various kinds of
problems, with analysis of the convergence properties of these algorithms. We
pay attention to complexity guarantees, which are bounds on the amount of
computational effort required to obtain solutions of a given accuracy. These
bounds usually depend on fundamental properties of the objective function
and the data that defines it, including the dimensions of the data set and the
number of variables in the problem. This emphasis contrasts with much of
the optimization literature, in which global convergence results do not usually
involve complexity bounds. (A notable exception is the analysis of interior
point methods (see Nesterov and Nemirovskii, 1994; Wright, 1997)).

At the same time, we try as much as possible to emphasize the practical
concerns associated with solving these problems. There are a variety of trade-
offs presented by any problem, and the optimizer has to evaluate which tools
are most appropriate to use. On top of the problem formulation, it is imperative
to account for the time budget for the task at hand, the type of computer
on which the problem will be solved, and the guarantees needed for the
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solution to be useful in the application that gave rise to the problem. Worst-case
complexity guarantees are only a piece of the story here, and understanding the
various parameters and heuristics that form part of any practical algorithmic
strategy are critical for building reliable solvers.

Notes and References

The softmax operator is ubiquitous in problems involving multiple classes.
Given real numbers z1,22, ...,2y, we define p; = €%/ Zlﬁil e“ and note
that p; € (0,1) for all j, and Z§W=1 pj = 1. Moreover, if for some j we have
Zj >> max;z;j z;, then p; ~ 1 while p; ~ O foralli # j.

The examples in this chapter are adapted from an article by one of the
authors (Wright, 2018).



2

Foundations of Smooth Optimization

We outline here the foundations of the algorithms and theory discussed in
later chapters. These foundations include a review of Taylor’s theorem and its
consequences that form the basis of much of smooth nonlinear optimization.
We also provide a concise review of elements of convex analysis that will be
used throughout the book.

2.1 A Taxonomy of Solutions to Optimization Problems

Before we can begin designing algorithms, we must determine what it means
to solve an optimization problem. Suppose that f is a function mapping some
domain D = dom(f) C R” to the real line R. We have the following
definitions.

« x* € Dis alocal minimizer of f if there is a neighborhood A/ of x* such
that f(x) > f(x*) forallx € N ND.

o x* € Dis a global minimizer of f if f(x) > f(x*) forall x € D.

o x* € Dis a strict local minimizer if it is a local minimizer for some
neighborhood A of x* and, in addition, f(x) > f(x*) for all x € N with
x #x*

« x*1is an isolated local minimizer if there is a neighborhood A of x* such
that f(x) > f(x*) for all x € A N D and, in addition, N contains no local
minimizers other than x*.

o x*is the unique minimizer if it is the only global minimizer.

For the constrained optimization problem

fféigrzl f(x), 2.1)

15
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where Q@ C D C R” is a closed set, we modify the terminology slightly to use
the word “solution” rather than “minimizer.” That is, we have the following
definitions.

o x* € Qs alocal solution of (2.1) if there is a neighborhood A of x* such
that f(x) > f(x*) forallx e N N Q.
o x* € Qis a global solution of (2.1) if f(x) > f(x*) forall x € Q.

One of the immediate challenges is to provide a simple means of deter-
mining whether a particular point is a local or global solution. To do so, we
introduce a powerful tool from calculus: Taylor’s theorem. Taylor’s theorem is
the most important theorem in all of continuous optimization, and we review
it next.

2.2 Taylor’s Theorem

Taylor’s theorem shows how smooth functions can be approximated locally by
polynomials that depend on low-order derivatives of f.

Theorem 2.1 Given a continuously differentiable function f: R" — R, and
given x, p € R", we have that

1
FGtp) = f00+ /O VG 4y pdy. 22)

f+p)=f@)+Viax+yp)p, somey e 1) (23)

If f is twice continuously differentiable, we have
1
Vit =YW+ [ VG yppay. 2.4
0

fx+p) =f@)+Vfxp+ %pTV2f(x +yp)p, somey € (0,1).
2.5)

(We sometimes call the relation (2.2) the “integral form” and (2.3) the “mean-
value form” of Taylor’s theorem.)

A consequence of (2.3) is that for f continuously differentiable at x, we
have!

fG+p) =f@+VF@ p+ollpl. (2.6)

1 See the Appendix for a description of the order notation O(-) and o(-).
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We prove this claim by manipulating (2.3) as follows:

fa+p =f@O+Vix+yp'p
=f@+VI@O p+Vfx+yp) V) p
=fO)+V @O p+0UVFGax+yp) VFOIllpI)
=f@) +Vr@'p+odpl,

where the last step follows from continuity: Vf(x + yp) V f(x) — 0 as
p — 0,forall y € (0,1).

As we will see throughout this text, a crucial quantity in optimization is the
Lipschitz constant L for the gradient of f, which is defined to satisfy

IVFfx) ViDI=Llx yl, forallx,yedom(f). (2.7

We say that a continuously differentiable function f with this property is L-
smooth or has L Lipschitz gradients. We say that f is Lo Lipschitz if

|f () = fOI = Lollx — yll,  forall x,y € dom (f). (2.8)

From (2.2), we have
f» f@ Vi@ x)
=A%Vﬂx+yw 0 VTG vdy.
By using (2.7), we have
ViG+yG ) V@I )

<IVfx+yG ») Vi@l xl<Lyly x>

By substituting this bound into the previous integral, we obtain the following
result.

Lemma 2.2 Given an L smooth function f, we have for any x,y € dom (f)
that

L
fO) < fO+VfT & )+ Sy xlI%. (2.9)

Lemma 2.2 asserts that f can be upper-bounded by a quadratic function
whose value at x is equal to f(x).

When f is twice continuously differentiable, we can characterize the
constant L in terms of the eigenvalues of the Hessian V2 f (x). Specifically,
we have

—LI < V?f(x) < LI, forallx, (2.10)

as the following result proves.
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Lemma 2.3 Suppose f is twice continuously differentiable on R". Then if f is
L-smooth, we have V2 f(x) < LI for all x. Conversely, if LI < V?f(x) <
L1, then f is L-smooth.

Proof From (2.9), we have, by setting y = x + ap for some o > 0, that

L
fx+ap)— fx)—aVix)p< Eaznpnz.

From formula (2.5) from Taylor’s theorem, we have for some y € (0, 1) that

1
fGetap) = f(0) —aV ) p=a®p" V2 [(x +yap)p.
By comparing these two expressions, we obtain

pIV2f(x +yap)p < Lllpl*

By letting | 0, we have that all eigenvalues of V2 f (x) are bounded by L, so
that sz(x) < L1, as claimed.

Suppose now that LI < V2 f(x) < LI for all x, so that | V2 f(x)|| < L
for all x. We have, from (2.4), that

1
IVf) = Vil = /Ovzf(ert(y—X))(y—X)dt
t=l

1
S/ IV?fe+1(y Dllly  xlldr
1

=0

1
< / Lily — x|l dt = Llly — x|l
=0

as required. This completes the proof. O

2.3 Characterizing Minima of Smooth Functions

The results of Section 2.2 give us the tools needed to characterize solutions of
the unconstrained optimization problem

min f(x), 2.11)

where f is a smooth function.

We start with necessary conditions, which give properties of the derivatives
of f that are satisfied when x* is a local solution. We have the following
result.
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Theorem 2.4 (Necessary Conditions for Smooth Unconstrained Optimization)

(a) Suppose that f is continuously differentiable. If x* is a local minimizer of
(2.11), then V f (x*) = 0.

(b) Suppose that f is twice continuously differentiable. If x* is a local
minimizer of (2.11), then V f (x*) = 0 and V> f (x*) is positive
semidefinite.

Proof We start by proving (a). Suppose for contradiction that V f (x*) # 0, and
consider a step «V f(x*) away from x*, where « is a small positive number.
By setting p = oV f(x*) in formula (2.3) from Theorem 2.1, we have

FO*aVEGN) = f@Y) aVf(* yaVe) VA, (@12)

for some y € (0, 1). Since V f is continuous, we have that

1
Vf(x* yan(x*))T \AC §||Vf(x*)||2,

for all & sufficiently small, and any y € (0, 1). Thus, by substituting into (2.12),
we have that

1
f&* aVfa) = f(x%) zaIIVf(x*)IF < fx,

for all positive and sufficiently small «. No matter how we choose the
neighborhood A in the definition of local minimizer, it will contain points
of the form x* — aV f(x*) for sufficiently small «. Thus, it is impossible to
choose a neighborhood A of x* such that f(x) > f(x*) forall x € N, so x*
is not a local minimizer.

We now prove (b). It follows immediately from (a) that V f(x*) = 0, so
we need to prove only positive semidefiniteness of V2 f(x*). Suppose for
contradiction that V2 £ (x*) has a negative eigenvalue, so there exists a vector
v € R" and a positive scalar A such that vTVZf(x*)v < A Wesetx = x*
and p = «v in formula (2.5) from Theorem 2.1, where « is a small positive
constant, to obtain

F*+av)= fF&) +aV )T Tv+ %aszVZf(x* +yav)v, (2.13)
for some y € (0,1). For all « sufficiently small, we have for A, defined
previously, that UTVZf(x*—i—yav)v < —A/2,forall y € (0, 1). By substituting
this bound, together with V f (x*) = 0, into (2.13), we obtain

Fx* 4+ av) = f(x*) — %azk < f(x"),
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for all sufficiently small, positive values of «. Thus, there is no neighborhood
N of x* such that f(x) > f(x*) for all x € N/, so x* is not a local minimizer.
Thus, we have proved by contradiction that V2 f (x*) is positive semidefinite. O

Condition (a) in Theorem 2.4 is called the first order necessary condition,
because it involves the first-order derivatives of f. Similarly, condition (b) is
called the second-order necessary condition.

We call any point x satisfying V f(x) = 0 a stationary point.

We additionally have the following second-order sufficient condition.

Theorem 2.5 (Sufficient Conditions for Smooth Unconstrained Optimization)
Suppose that f is twice continuously differentiable and that, for some x*, we
have V f(x*) = 0, and V2 f (x*) is positive definite. Then x* is a strict local
minimizer of (2.11).

Proof We use formula (2.5) from Taylor’s theorem. Define a radius p suf-
ficiently small and positive such that the eigenvalues of V2 f(x* + yp) are
bounded below by some positive number ¢, for all p € R" with ||p]| < p,
and all y € (0,1). (Because V2 f is positive definite at x* and continuous, and
because the eigenvalues of a matrix are continuous functions of the elements
of a matrix, it is possible to choose p > 0 and € > 0 with these properties.) By
setting x = x™* in (2.5), we have for some y € (0,1)

1
FOO+p) = FO)+ VLN pt op VT +yp)p
1
> f(x*) + Eenpnz, for all p with || p|| < p.

Thus, by setting N' = {x* + p | ||pll < p}, we have found a neighborhood of
x* such that f(x) > f(x*) for all x € N with x # x*, hence satisfying the
conditions for a strict local minimizer. o

The sufficiency promised by Theorem 2.5 only guarantees a local solution.
We now turn to a special but ubiquitous class of functions and sets for which
we can provide necessary and sufficient guarantees for optimality, using only
information from low-order derivatives. The special property that enables these
guarantees is convexity.

2.4 Convex Sets and Functions

Convex functions take a central role in optimization precisely because these are
the instances for which it is easy to verify optimality and for which such optima
are guaranteed to be discoverable within a reasonable amount of computation.
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A convex set 2 C R” has the property that
xyeR = (l—a)x+aye foralla € [0,1]. (2.14)

For all pairs of points (x,y) contained in €2, the line segment between x and
y is also contained in 2. The convex sets that we consider in this book are
usually closed.

The defining property of a convex function is the following inequality:

f—a)x+ay) <(1—a)f(x)+af(y), forallx,y e R" alla € [0,1].
(2.15)

The line segment connecting (x, f(x)) and (y, f(y)) lies entirely above the
graph of the function f. In other words, the epigraph of f, defined as

epi f = {(x,t) eR" xRt > f(x)}, (2.16)

is a convex set. We sometimes call a function satisfying (2.15) as weakly
convex function, to distinguish it from the special class called strongly convex
functions, defined in Section 2.5.

The concepts of “minimizer” and “solution” for the case of convex objective
function and constraint set become more elementary in the convex case than in
the general case of Section 2.1. In particular, the distinction between “local”
and “global” solutions goes away.

Theorem 2.6 Suppose that, in the general constrained optimization problem
(2.1), the function f is convex, and the set 2 is closed and convex. We have the
following.

(a) Any local solution of (2.1) is also a global solution.
(b) The set of global solutions of (2.1) is a convex set.

Proof For (a), suppose for contradiction that x* € € is a local solution but not
a global solution, so there exists a point X € €2 such that f(x) < f(x*). Then,
by convexity, we have for any o € [0, 1] that

FO™+al —x") < (1 —a) f(T) +af(X) < f(x5).
But for any neighborhood A/, we have for sufficiently small @ > 0 that x* +
a(x —x*)) e NNQand f(x* + a(Xx — x*)) < f(x*), contradicting the
definition of a local minimizer.
For (b), we simply apply the definition of convexity for both sets and

functions. Given all global solutions x* and X, we have f(x) = f(x*), so
for any « € [0, 1], we have

fOF+aE —x") <A —a) fx) +af(X) = f(x").



22 2 Foundations of Smooth Optimization

We have also that f(x* + a(x x*)) > f(x*), since x* + a(x x*) €
Q and x* is a global minimizer. It follows from these two inequalities that
f*ta(x x*) = f(x*),sothat x*+a(x x*)is also a global minimizer. O

By applying Taylor’s theorem (in particular, (2.6)) to the left hand side of
the definition of convexity (2.15), we obtain

fataly 0)=fO+aV @'y 0)+o@ =1 o)fE& +af().
By canceling the f(x) term, rearranging, and dividing by o, we obtain
fM = fO+Vf@ G 0 +o),

and when « | 0, the o(1) term vanishes, so we obtain

fO) =2 f)+ VT x), foranyx,yedom(f), 2.17)

which is a fundamental characterization of convexity of a smooth function.

While Theorem 2.4 provides a necessary link between the vanishing of
V f and the minimizing of f, the first order necessary condition is actually
a sufficient condition when f is convex.

Theorem 2.7 Suppose that f is continuously differentiable and convex. Then
if Vf(x*) =0, then x* is a global minimizer of (2.11).

Proof The proof of the first part follows immediately from condition (2.17), if
we set x = x*. Using this inequality together with V f(x*) = 0, we have, for
any y, that

FO) = fFEH+ V(v x%) = fD),

so that x* is a global minimizer. O

2.5 Strongly Convex Functions

For the remainder of this section, we assume that f is continuously differen
tiable and also convex. If there exists a value m > 0 such that

1
f@ wxtay = af@+af(y) sme( @l I3
(2.18)

for all x and y in the domain of f, we say that f is strongly convex with
modulus of convexity m. When f is differentiable, we have the following
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equivalent definition, obtained by working on (2.18) with an argument similar
to the one leading to (2.17) that

f()’)2f(X)+Vf(X)T(y—X)+%II)}-XIH (2.19)

Note that this inequality complements the inequality satisfied by functions with
smooth gradients. When the gradients are smooth, a function can be upper
bounded by a quadratic that takes the value f(x) at x. When the function is
strongly convex, it can be lower-bounded by a quadratic that takes the value
f(x) atx.

We have the following extension of Theorem 2.7, whose proof follows
immediately by setting x = x* in (2.19).

Theorem 2.8 Suppose that f is continuously differentiable and strongly
convex. Then if V f(x*) = 0, then x* is the unique global minimizer of f.

This approximation of convex f by quadratic functions is a key theme in
continuous optimization.

When f is strongly convex and twice continuously differentiable, (2.5)
implies the following, when x* is the minimizer:

1
fOO = fO") == TV (x — x*) +o(llx — x* ). (2:20)

Thus, f behaves like a strongly convex quadratic function in a neighborhood
of x*. It follows that we can learn a lot about local convergence properties
of algorithms just by studying convex quadratic functions. We use quadratic
functions as a guide for both intuition and algorithmic derivation throughout.

Just as we could characterize the Lipschitz constant of the gradient in
terms of the eigenvalues of the Hessian, the modulus of convexity provides
a lower bound on the eigenvalues of the Hessian when f is twice continuously
differentiable.

Lemma 2.9 Suppose that f is twice continuously differentiable on R". Then
f has modulus of convexity m if and only if V2 f (x) = mI for all x.

Proof For any x,u € R" and & > 0, we have from Taylor’s theorem that

1
fx+oau)=Ff(x)+ an(x)T+§ot2uTV2f(x + yau)u, for some y € (0,1).
From the strong convexity property, we have

fxtau) > fx)+aV i ut %(leluﬂz.
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By comparing these two expressions, canceling terms, and dividing by 2, we
obtain

ul V2 f(x + yau)u > m|ul.

By taking | 0, we obtain u’ VZf(x)u > m|u|? thus proving that
V2f(x) = ml.

For the converse, suppose that V2 f (x) > mI for all x. Using the same form
of Taylor’s theorem as before, we obtain

f@=f@x)+V @)z —x)
+ %(Z OIV2fx+y@E x)E x), forsomey € (0,1).

We obtain the strong convexity expression when we bound the last term as
follows:

z 0Vifa+y@ez NE x)=mlz x|

completing the proof. O
The following corollary is a immediate consequence of Lemma 2.3.

Corollary 2.10 Suppose that the conditions of Lemma 2.3 hold, and in
addition that f is convex. Then 0 < V2 f(x) < LI if and only if f is L-
smooth.

Notation

We use || - || to denote the Euclidean norm || - ||2 of a vector in R”. Other norms,
such as || - ||1 and | - ||oo, Will be denoted explicitly.

Notes and References

The classic reference on convex analysis remains the text of Rockafellar
(1970), which is still remarkably fresh, with many fundamental results. A
more recent classic by Boyd and Vandenberghe (2003) contains a great
deal of information about convex optimization, especially concerning convex
formulations and applications of convex optimization.
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Exercises

. Prove that the effective domain of a convex function f (that is, the set of

points x € R” such that f(x) < 00) is a convex set.

. Prove that epi f is a convex subset of R” x R for any convex function f.

. Suppose that f: R” — R is convex and concave. Show that f must be an

affine function.

. Suppose that f: R” — R is convex and upper bounded. Show that f must

be a constant function.

. Suppose f: R" — R is strongly convex and Lipschitz. Show that no such

f exists.

. Show rigorously how (2.19) is derived from (2.18) when f is continuously

differentiable.

. Suppose that f: R” — R is a convex function with L Lipschitz gradient

and a minimizer x* with function value f* = f(x*).

(a) Show (by minimizing both sides of (2.9) with respect to y) that for any
x € R", we have

o fr= ﬁnwmn?

(b) Prove the following co-coercivity property: For any x,y € R", we have

1
[Vfx) VIO x y= ARG FI%
Hint: Apply part (a) to the following two functions:
he(2) = f2) = Vi) Tz, hy@) = f@) -V z.

. Suppose that f: R” — R is an m strongly convex function with

L Lipschitz gradient and (unique) minimizer x* with function value

fr= 1.

(a) Show that the function g(x) := f(x) % lx ||2 is convex with
L  m-Lipschitz continuous gradients.

(b) By applying the co-coercivity property of the previous question to this
function g, show that the following property holds:

V) =V O (x —y)

> lx v+

2
m+L a LIV VDIt @2




3
Descent Methods

Methods that use information about gradients to obtain descent in the objective
function at each iteration form the basis of all of the schemes studied in this
book. We describe several fundamental methods of this type and analyze their
convergence and complexity properties. This chapter can be read as an intro-
duction both to elementary methods based on gradients of the objective and
to the fundamental tools of analysis that are used to understand optimization
algorithms.

Throughout the chapter, we consider the unconstrained minimization of a
smooth convex function:

min f(x). 3.D

xeR”

The algorithms of this chapter are suited to the case in which f and its gradient
V f can be evaluated — exactly, in principle — at arbitrary points x. Bearing in
mind that this setup may not hold for many data analysis problems, we focus on
those fundamental algorithms that can be extended to more general situations,
for example:

« Objectives consisting of a smooth convex term plus a nonconvex
regularization term

« Minimization of smooth functions over simple constraint sets, such as
bounds on the components of x

« Functions for which f or V f cannot be evaluated exactly without a
complete sweep through the data set, but unbiased estimates of V f can be
obtained easily

« Situations in which it is much less expensive to evaluate an individual
component or a subvector of V f than the full gradient vector

« Smooth but nonconvex f

26
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Extensions to the fundamental methods in this chapter to these more general
situations will be considered in subsequent chapters.

3.1 Descent Directions

Most of the algorithms we will consider in this book generate a sequence of
iterates {x*} for which the function values decrease at each iteration that is,
f*Yy < f(x*) for each k = 0,1,2, .... Line-search methods proceed by
identifying a direction d from each x such that f decreases as we move in the
direction d. This notion can be formalized by the following definition:

Definition 3.1 d is a descent direction for f at x if f(x +td) < f(x) for all
t > 0 sufficiently small.

A simple, sufficient characterization of descent directions is given by the
following proposition.

Proposition 3.2 If f is continuously differentiable in a neighborhood of x,
then any d such that dTV f (x) < 0 is a descent direction.

Proof We use Taylor’s theorem Theorem 2.1. By continuity of V f, we can
identify ¢t > O such that V f (x + td)’'d < 0 forall t € [0,¢]. Thus, from (2.3),
we have for any ¢ € (0,¢] that

fx+td) = fx) +1Vf(x+ytd)'d, somey € (0,1),

from which it follows that f(x + td) < f(x), as claimed. m]

Note that, among all directions d with unit norm, the one that minimizes
dTVfx)isd = V f(x)/|Vf(x)]l. For this reason, we refer to  V f(x) as
the steepest-descent direction. Perhaps the simplest method for optimization
of a smooth function makes use of this direction, defining its iterates by

Kk VR, k=012, ..., (3.2)

for some steplength oz > 0. At each iteration, we are guaranteed that there is
some nonnegative step o that decreases the function value, unless V f (x¥) = 0.
But note that when V f(x) = 0 (that is, x is stationary), we will have found a
point that satisfies a first-order necessary condition for local optimality. (If f is
also convex, this point will be a global minimizer of f.) The algorithm defined
by (3.2) is called the gradient descent method or the steepest-descent method.
(We use the latter term in this chapter.) In the next section, we will discuss the
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choice of steplengths oy and analyze how many iterations are required to find
points where the gradient nearly vanishes.

3.2 Steepest-Descent Method

We focus first on the question of choosing the steplength o for the steepest
descent method (3.2). If o is too large, we risk taking a step that increases the
function value. On the other hand, if o is too small, we risk making too little
progress and thus requiring too many iterations to find a solution.

The simplest steplength protocol is the short step variant of steepest
descent, which can be implemented when f is L-smooth (see (2.7)) with a
known value of the parameter L. By setting o to be a fixed, constant value «,
the formula (3.2) becomes

K =k —avixb, k=012 .... (3.3)

To estimate the amount of decrease in f obtained at each iterate of this method,
we use Lemma 2.2, which is a consequence of Taylor’s theorem (Theorem 2.1).
We obtain

fx+ad) < fx)+aVixd +a2§||d||2. (3.4)

Ford = V f(x), the value of o that minimizes the expression on the right-
hand side is o = 1/L. By substituting this value into (3.4) and setting x = x¥,

we obtain

1
FEHD = fGE /DY) < F68 IVIEDIE GS)

This expression is one of the foundational inequalities in the analysis of
optimization methods. It quantifies the amount of decrease we can obtain from
the function £ to two critical quantities: the norm of the gradient V f (x¥) at the
current iterate and the Lipschitz constant L of the gradient. Depending on the
other assumptions about f, we can derive a variety of different convergence
rates from this basic inequality, as we now show.

3.2.1 General Case

From (3.5) alone, we can already say something about the rate of convergence
of the steepest-descent method, provided we assume that f has a global lower
bound. That is, we assume that there is a value f that satisfies

f(x) > f, forallx. (3.6)
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(In the case that f has a global minimizer x*, f could be any value such that
f < f(x™).) By summing the inequalities (3.5) over k = 0,1,...,7 1, and
canceling terms, we find that

1 T-1
FED =16 S DIV
k=0

Since f < f(xT), we have

T-1
SIVFAEOI? <2LIfFG) £
k=0
which implies that limy_, o ||V £ (xT)|| = 0. Moreover, we have

2LIF (X% f]

. 1 T 1
min [VLEOI? < 2 D IV < -

0<k<T—
k=0

Thus, we have shown that after T steps of steepest descent, we can find a point

x satisfying
. K [2L1f (%) = f]
oomin IVFEOI = T . (3.7

Note that this convergence rate is slow and tells us only that we will find a
point x* that is nearly stationary. We need to assume stronger properties of f
to guarantee faster convergence and global optimality.

3.2.2 Convex Case

When f is also convex, we have the following stronger result for the steepest
descent method.

Theorem 3.3 Suppose that f is convex and L-smooth, and suppose that (3.1)
has a solution x*. Define f* := f(x™). Then the steepest-descent method with
steplength oy = 1/L generates a sequence {x* Yo that satisfies

L
faly— < ﬁnx" — x5 T=12.... (3.8)
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Proof By convexity of f, we have f(x*) > f(x*) + VT x* x5, so
by substituting into the key inequality (3.5), we obtain for k = 0,1,2, ... that

1
FORY < FaH+VEEHTEE 1% inwuk)uz
_ * £ k k12 ik ok l ky 2
=F(6H+ 5 (nx I = gt =t = V)| )

L
= £+ 5 (I = w1t ).

By summing over k = 0,1,2,...,T 1, we have
T-1 LTfl
S =3I P )
k=0 k=0
L
=S (R &1 " P
L
= E

Since { f (x¥)} is a nonincreasing sequence, we have

1= L
I A D DG IR Lo o
k=0

as desired. m]

3.2.3 Strongly Convex Case

Recall from (2.19) that the smooth function f: R* — R is strongly convex
with modulus m if there is a scalar m > 0 such that

@)= fFO+VI@ @ x+ %nz x|2. (3.9)

Strong convexity asserts that f can be lower bounded by quadratic functions.
These functions change from point to point, but only in the linear term. It also
tells us that the curvature of the function is bounded away from zero. Note that
if f is strongly convex and L-smooth, then f is bounded above and below by
simple quadratics (see (2.9) and (2.19)). This “sandwiching” effect enables us
to prove the linear convergence of the steepest-descent method.

The simplest strongly convex function is the squared Euclidean norm || x |2.
Any convex function can be perturbed to form a strongly convex function by
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adding any small positive multiple of the squared Euclidean norm. In fact, if f
is any L-smooth function, then

Fu@) = £+ plx)?

is strongly convex for u large enough. (Exercise: Prove this!)

As another canonical example, note that a quadratic function f(x) =
%xTQx is strongly convex if and only if the smallest eigenvalue of Q is
strictly positive. We saw in Theorem 2.8 that a strongly convex f has a unique
minimizer, which we denote by x*.

Strongly convex functions are, in essence, the “easiest” functions to opti-
mize by first-order methods. First, the norm of the gradient provides useful
information about how far away we are from optimality. Suppose we minimize
both sides of the inequality (3.9) with respect to z. The minimizer on the left-
hand side is clearly attained at z = x*, while on the right-hand side, it is
attained at x — V f(x)/m. By plugging these optimal values into (3.9), we
obtain
2

1 1
f6N > f@) VT (—Vf(x)) + 2 H—Vf(x)
m 2 |lm

1
=00 V@I
m
By rearrangement, we obtain
IVFOI? = 2mlf(x)  f(x)]. (3.10)
If |V f(x)] <8, we have

e _IVF@OI? 82
fx)  fix )STSE'

Thus, for strongly convex functions, when the gradient is small, we are close
to having found a point with minimal function value.

We can derive an estimate of the distance of x to the optimal point x*
in terms of the gradient by using (3.9) and the Cauchy Schwarz inequality.
We have

FON) = fO+ V@ =) + Tl =P
m
> fe) IV @I Ix®  xll+ > Ix X2,
By rearranging terms, we have
2
Il —x*| < EIIVf(X)II. (3.11)

We summarize this discussion in the following lemma.



32 3 Descent Methods

Lemma 3.4 Let f be a continuously differentiable and strongly convex
Sfunction with modulus m. Then we have

\v/ 2
o fan <Y J;ZOII 3.12)
2
e 1< IV (3.13)

We can now analyze the convergence of the steepest-descent method on
strongly convex functions. By substituting (3.12) into (3.5), we obtain

Pkt = f<xk %Vf(xk))ff(xk) iuwu")ll2
<6 TUE .

where f* := f(x*), as before. Subtracting f* from both sides of this
inequality gives the recursion

S I (R I ) (3.14)

Thus, the sequence of function values converges /inearly to the optimum. After
T steps, we have

T
fah (U ) e . (3.15)

3.2.4 Comparison between Rates

It is straightforward to convert these convergence expressions into complex-
ities using the techniques of Appendix A.2. We have, from (3.7), that an
iteration k will be found such that ||V f (x¥)|| < € for some k < T, where

0 *
;o 2LUEY
> 2
For the general convex case, we have from (3.8) that f (x%) f* < e when

0 *112
PRl e (3.16)
- e

For the strongly convex case, we have from (3.15) that f x5 — f* < e forall
k satisfying

L
k> log((f(x%)  f/e). (3.17)
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Note that in all three cases, we can get bounds in terms of the initial distance
to optimality ||x®  x*|| rather than the initial optimality gap f(x®)  f* by
using the inequality

L
f&x% f*SEIIxO P

The linear rate (3.17) depends only logarithmically on €, whereas the
sublinear rates depend on 1/e or 1/€2. When ¢ is small (for example, ¢ =
10_6), the linear rate would appear to be dramatically faster, and, indeed, this
is usually the case. The only exception would be when m is extremely small,
so that m /L is of the same order as €. The problem is extremely ill conditioned
in this case, and there is little difference between the linear rate (3.17) and the
sublinear rate (3.16).

All of these bounds depend on knowledge of L. What happens when we do
not know L? Even when we do know it, is the steplength oy = 1/L good in
practice? We have reason to suspect not, since the inequality (3.5) on which it
is based uses the conservative global upper bound L on curvature. (A sharper
bound could be obtained in terms of the curvature in the neighborhood of the
current iterate x¥.) In the remainder of this chapter, we expand our view to
more general choices of search directions and steplengths.

3.3 Descent Methods: Convergence

In the previous section, we considered the short-step steepest-descent method
that moved along the negative gradient with a steplength 1/L determined
by the global Lipschitz constant of the gradient. In this section, we prove
convergence results for more general descent methods.

Suppose each step has the form

K = od®, k=0,1,2,..., (3.18)

where d* is a descent direction and oy is a positive steplength. What do we
need to guarantee convergence to a stationary point at a particular rate? What
do we need to guarantee convergence of the iterates themselves?

Recall that our analysis of steepest-descent algorithm with fixed steplength
in the previous section was based on the bound (3.5), which showed that the
amount of decrease in f atiteration k is at least a multiple of |V f () ||%. In the
discussion that follows, we show that the same estimate of function decrease,
except for a different constant, can be obtained for many line-search methods
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of the form (3.18), provided that d* and oy satisfy certain intuitive properties.
Specifically, we show that the following inequality holds:

FEEY < 68 CIVFEHIR for some € > 0. (3.19)

The remainder of the analyses in the previous section used properties about
the function f itself that were independent of the algorithm: smoothness,
convexity, and strong convexity. For a general descent method, we can provide
similar analyses based on the property (3.19).

What can we say about the sequence of iterates {x*} generated by a scheme
that guarantees (3.19)? The following elementary theorem shows one basic

property.

Theorem 3.5 Suppose that f is bounded below, with Lipschitz continuous
gradient. Then all accumulation points % of the sequence {x*} generated by a
scheme that satisfies (3.19) are stationary; that is, V f (x) = 0. If, in addition,
[ is convex, each such x is a solution of (3.1).

Proof Note first from (3.19) that
IVFEOIZ <1f5  fef e, k=012,

and since { f (x¥)} is a decreasing sequence that is bounded below, it follows
that limg— o f (xk) f (x¥*1) = 0. If % is an accumulation point, there is
a subsequence S such that limgeg, ko0 XX = X. By continuity of V f, we
have V f(x) = limges k-0 V f(x¥) = 0, as required. If f is convex, each X
satisfies the first-order sufficient conditions to be a solution of (3.1). m]

It is possible for the the sequence {x*} to be unbounded and have no
accumulation points. For example, some descent methods applied to the scalar
function f(x) = e~ will generate iterates that diverge to co. (This function is
convex and bounded below but does not attain its minimum value.)

We can prove other results about rates of convergence of algorithms (3.18)
satisfying (3.19), using almost identical proofs to those of Section 3.2. For
example, for the case in which f is bounded below by some quantity f, we
can show using the techniques of Section 3.2.1 that

fx0 —f

_min_| IVFEOI =< T

0<

For the case in which f is strongly convex with modulus m (and unique
solution x*), we can combine (3.12) with (3.19) to deduce that
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O @ = fGH F@ CIVEDI?
< (1 =2mO)[f (") = f(xM)],
which indicates linear convergence with rate (1  2mC).
The argument of Section 3.2.2 concerning rate of convergence for the
(non-strongly) convex case cannot be generalized to the setting of (3.19),

though similar results can be obtained by another technique under an additional
assumption, as we show next.

Theorem 3.6 Suppose that f is convex and smooth, where V f has Lipschitz
constant L, and that (3.1) has a solution x*. Assume, moreover, that the level
set defined by x° is bounded in the sense that Ry < 0o, where

Ro:=max{llx x*|I| f(x) < fxO)).

Then a descent method satisfying (3.19) generates a sequence {xk }1(:10 that
satisfies

R2
fahy <=2 1t=12.... (3.20)
cT

Proof Defining Ay := F(x¥  f(x*), we have that

A= fG5  fON < VEHTGE X% < RIVAENI.

By substituting this bound into (3.19), we obtain

C
FOR < e - S AL
R
0
which, after subtracting f(x*) from both sides and using the definition of Ay,
becomes

c , C
Akp1 = Ak FAk =Ar |1 FA;{ . (3.21)
0 0
By inverting both sides, we obtain
1 1 1
Z JR—
Ars1 — Ar 1 %Ak
0

Since Ag4+1 > 0, we have from (3.21) that R%)Ak € [0, 1], so using the fact that

ﬁ > 1+ € for all € € [0, 1], we obtain

Lo e o c
Ary1 — Ag Rék A R
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By applying this formula recursively, we have for any 7 > 1 that

1 1 TC TC

- + 5 2 0
Ar ~ Ao R} T R}

and we obtain the result by taking the inverse of both sides in this bound and
using Ay = f(xT)  fx*). o

3.4 Line-Search Methods: Choosing the Direction

In this section, we turn to analysis of generic line-search descent methods,
which take steps of the form (3.18), where o > 0 and d* is a search direction
that satisfies the following properties, for some positive constants €, y1, ¥2:

@HTV (x5
0 _— 3.22
<SR 1R (5.222)
O<y < Lk” < . (3.22b)
SV S

Condition (3.22a) says that the angle between V f (xk) and d¥ is acute and
bounded away from 77/2 for all k, and condition (3.22b) ensures that d* and
V f (x*) are not too much different in length. (If x* is a stationary point, we
have V f (xk ) = 0, so our algorithm will set d* = 0 and terminate.)

For the negative gradient (steepest-descent) search direction d* =

V f(x%), the conditions (3.22) hold trivially, withe =y = y» = 1.

We can use Taylor’s theorem to bound the change in f when we move along
d* from the current iteration x*. By setting x = x* and d = d* in (3.4), we
obtain

fE = G5+ adh
< FON) +aV T + oS P
< 6N aell VAN +oz2§||d"||2
< fO6M—a (é - a%)/z) IV, (3.23)

where we used (3.22) for the last two inequalities. It is clear from this
expression that for all values of « sufficiently small — to be precise, for
a € (0,2¢/(Ly)) — we have f(x**1) < f(x*) — unless, of course, x*
stationary point.

is a



3.4 Line-Search Methods: Choosing the Direction 37

We mention a few possible choices of d¥ apart from the negative gradient
direction V f(x%).

« The transformed negative gradient direction d = S*V f(x*), where S is
a symmetric positive definite matrix with eigenvalues in the range [y, 21,
where y| and y» are positive quantities, as in (3.22). The condition (3.22b)
holds, by definition of S* and condition (3.22a) holds with € = y1/y»,
since

—(@HTV ) = VDT SAV £ () =y IV R
> (1 /y)IV £

Newton’s method, which chooses S¥ = V2 f (xk)_l, would satisfy this
condition, provided that the Hessian V2 f (x) has eigenvalues uniformly
bounded in the range [1/y»,1/y;] for all x.

« The Gauss—Southwell variant of coordinate descent chooses
d¥ = —[V f (")) e, where iy = argmax;—1.2, ., |[Vf(x¥)];| and ¢;, is
the vector containing all zeros except for a 1 in position i;. (We leave it as an
exercise to show that the conditions (3.22) are satisfied for this choice of d¥.)
There does not seem to be an obvious reason to use this search direction.
Since it is defined in terms of the full gradient V f (x¥), why not use
d¥= v f (x*) instead? The answer (as we discuss further in Chapter 6)
is that for some important kinds of functions f, the gradient V f (x*) can
be updated efficiently to obtain V f (x¥*1), provided that x* and x**! differ
in only a single coordinate. These cost savings make coordinate descent
methods competitive with, and often faster than, full gradient methods.

« Some algorithms make randomized choices of d* in which the conditions
(3.22) hold in the sense of expectation, rather than deterministically. In one
variant of randomized coordinate descent, we set d¥ = [V f (xk)]ik, for iy
chosen uniformly at random from {1,2, ...,n} at each k. Taking
expectations over iy, we have

1 ¢ 1
B, (( ' VrEh) = DIV = LIV FOI?

1
> ;IIVf(xk)IIIId"II,

where the last inequality follows from ¥l < IV £ (x¥)|, so the condition
(3.22a) holds in an expected sense. Since E(|d¥|?) = %||Vf(xk)||§, the
norms of ||d¥|| and ||V f (x¥)|| are also similar to within a scale factor, so
(3.22b) also holds in an expected sense. Rigorous analysis of these methods
is presented in Chapter 6.
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« Another important class of randomized schemes are the stochastic gradient
methods discussed in Chapter 5. In place of an exact gradient V f (x*),
these method typically have access to a vector g(x*, &), where & is a
random variable, such that Egkg(xk, £) = V f(x¥). That is, g(x*, &) is an
unbiased (but often very noisy) estimate of the true gradient V f (x5).
Again, if we set d* = g(x*, &), the conditions (3.22) hold in an expected
sense, though the bound E(|d*|) < »|IV 0| requires additional
conditions on the distribution of g(x*, &) as a function of &.

3.5 Line-Search Methods: Choosing the Steplength

Assuming now that the search direction d* in (3.18) satisfies the properties
(3.22), we turn to the choice of steplength oy, for which a well-designed
procedure is often used. We describe some methods that make use of the
Lipschitz constant L from (2.7) and other methods that do not assume
knowledge of L, but still satisfy a sufficient decrease, like (3.19).

Fixed Steplength. As we have seen in Section 3.2, fixed steplengths can yield
useful convergence results. One drawback of the fixed steplength approach is
that some prior information is needed to properly choose the steplength.

The first approach to choosing a fixed steplength (one commonly used in
machine learning, where the steplength is often known as the “learning rate”)
is trial and error. Extensive experience in applying gradient (or stochastic
gradient) algorithms to a particular class of problems may reveal that a par-
ticular steplength is reliable and reasonably efficient. Typically, a reasonable
heuristic is to pick « as large as possible such that the algorithm does not
diverge. In some sense, this approach is estimating the Lipschitz constant of the
gradient of f by trial and error. Slightly enhanced variants are also possible;
for example, oy may be held constant for many successive iterations and then
decreased periodically. Since such schemes are highly application and problem
dependent, we cannot say much more about them here.

A second approach, a special case of which was investigated already in
Section 3.2, is to base the choice of a; on knowledge of the global properties
of the function f, particularly on the Lipschitz constant L for the gradient (see
(2.7)) or the modulus of convexity m (see (2.18)). Given the expression (3.23),
for example, and supposing we have estimates of all the quantities €, y», and L
that appear therein, we could choose « to maximize the coefficient of the last
term. Setting « = €/(Ly»), we obtain from (3.23) and (3.22) that
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2 2
FOEY < F65 SV EEOIIa = F65) STV e
2Ly, 2

2Ly
(3.24)

Exact Line Search. A second option is to perform a one dimensional line
search along direction d* to find the minimizing value of «; that is,

min fx* 4+ ad"). (3.25)
o>

This technique requires evaluation of f(x* + ad*) (and possibly also its
derivative with respect to o, namely @dHTV F(xF + adb)) economically,
for arbitrary positive values of «. There are many cases where these line
searches can be computed at low cost. For example, if f is a multivariate
polynomial, the line search amounts to minimizing a univariate polynomial.
Such a minimization can be performed by finding the roots of the gradient
along the search direction, and then testing each root to find the minimum. In
other settings, such as coordinate descent methods of Chapter 6, it is possible
to evaluate f(x* + ad*) cheaply for certain functions f, provided that d¥
is a coordinate direction. Convergence analysis for exact line-search methods
tracks that for the preceding short-step methods. Since the exact minimizer
of f(x* + ad®) will achieve at least as much reduction in f as the choice
o = €/(Ly») used to derive the estimate (3.24), this bound also holds for exact
line searches.

Approximate Line Search. In full generality, exact line searches are expen-
sive and unnecessary. Better empirical performance is achieved by approx-
imate line search. Many line-search methods were proposed in the 1970s
and 1980s for finding conditions that should be satisfied by approximate line
searches so as to guarantee good convergence properties and on identifying
line-search procedures that find such approximate solutions economically. (By
“economically,” we mean that an average of three or less evaluations of f
are required.) One popular pair of conditions that the approximate minimizer
o = «ai is required to satisfy, called the weak Wolfe Conditions, is defined as
follows:

Fe* +adb < F65) + eV BT dk, (3.26a)
VR +ad)Tdk > v (5T dx (3.26b)
Here, c1 and c¢; are constants that satisfy 0 < ¢; < ¢ < 1. The condition

(3.26a) is often known as the “sufficient decrease condition,” because it ensures
that the actual amount of decrease in f is at least a multiple ¢; of the amount
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i+ cud)

o

Satisties gradient condition
Satisfies sufficient decrease condition
Satisfies weak Wolfe conditions

Figure 3 1 Weak Wolfe conditions are satisfied when both the gradient condition
(3.26b) and the sufficient decrease condition (3.26a) hold.

suggested by the first order Taylor expansion. The second condition (3.26b),
which we call the “gradient condition,” ensures that ¢ is not too short; it
ensures that we move far enough along @* that the directional derivative of
f along d* is substantially less negative than its value at @ = 0, or is zero or
positive. These conditions are illustrated in Figure 3.1.

It can be shown that there exist values of oy that satisfy both weak Wolfe
conditions simultaneously. To show that these conditions imply a reduction in
f that is related to IIVf(xk) |12 (as in (3.24)), we argue as follows: First, from
condition (3.26b) and the Lipschitz property for V f, we have

(1 eVfEHTa* <[Ve* +ard) v FNN7d* < Loyl
and, thus,

(1 ) ViEk)Tdr
- L la* 12
By substituting into (3.26a), and using the (3.22a), we obtain

FEN = fOoF +ad) < 5 + eV f ()T
a(l ) (VfEHTdH?

L k|12
ci(l  e2)
v k)

L

Algorithm 3.1 (from Burke and Engle, 2018) describes an approach that

combines extrapolation with bisection to find a steplength « satisfying the
conditions (3.26). This method maintains a subinterval [L, U] of the positive
real line (initially L = 0 and U = o0) that contains a point satisfying (3.26),

o

< fxb

< fb
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along with a current guess « € (L, U) of this point. If the sufficient decrease
condition (3.26a) is violated by «, then the current guess is too long, so the
upper bound U is assigned the value «, and the new guess is taken to be the
midpoint of the new interval [L, U]. If the sufficient decrease condition holds
but the condition (3.26b) is violated, the current guess of « is too short. In this
case, we move the lower bound up to « and take the next guess of « to be either
the midpoint of [L, U] (if U is finite) or double the previous guess (if U is still
infinite).

A rigorous proof that Algorithm 3.1 terminates with a value of « satisfying
(3.26) can be found in Section A.3 in the Appendix.

Algorithm 3.1 Extrapolation Bisection Line Search (EBLS)
Given0 <ci <y < 1l,setL < 0,U < +oo,a < 1;
repeat

if f(x +ad) > f(x)+ciaVf(x)'d then
SetU < aando < (U + L)/2;
elseif Vf(x +ad)’d < 2V f(x)Td then
Set L < «;
if U = 400 then
Seta < 2L;
else
Seta = (L +U)/2;
end if
else
Stop (Success!);
end if
until Forever

Backtracking Line Search. Another popular approach to determining an
appropriate value for o is known as “backtracking.” It is widely used in
situations where evaluation of f is economical and practical but evaluation
of the gradient V f is more difficult. It is easy to implement (no estimate of the
Lipschitz constant L is required, for example) and still results in reasonably
fast convergence.

In its simplest variant, we first try a value « > 0 as the initial guess of
the steplength, and we choose a constant 8 € (0, 1). The steplength o is set
to the first value in the sequence a, Sa, ,326[, ,336[, ... for which a sufficient
decrease condition (3.26a) is satisfied. Note that backtracking does not require
a condition like (3.26b) to be checked. The purpose of such a condition is to
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ensure that oy is not too short, but this is not a concern in backtracking, because
we know that o is either the fixed value @ or within a factor § of a steplength
that is too long.

Under the preceding assumptions, we can again show that the decrease in
f atiteration k is a positive multiple of |V f (x¥)|I%. When no backtracking is
necessary thatis, o = o we have from ( 3.22) that

FOED < FOH +aavfehTar < f(5)  craem |IVFENHIZ (3.27)

When backtracking is needed, we have from the fact that the test (3.26a) is not
satisfied for the previously tried value & = S~ oy that

faf 4 pland") > f) + e pT VT aE
By a Taylor series argument like the one in (3.23), we have
L

FO8 B ad") < fO) + BTV F6H T + S (BT e d I,
From the last two inequalities and some elementary manipulation, we obtain
that
Vf(xk)Tdk

[

By substituting into (3.26a) with @« = o (note that this condition is satisfied
for this value of ) and then using (3.22), we obtain

> 2 1
ag > Zﬁ( c1)

FOHY < £ 65 + 1o V()T dk

2 (Vf(x5)Td*)?
< f(xk) - 2,3(1 - CI)CIW
2
< f(x5 Thad cDEXV £ (M2 (3.28)

3.6 Convergence to Approximate Second-Order
Necessary Points

The line search methods that we described so far in this chapter asymptotically
satisfy first-order optimality conditions with certain complexity guarantees.
We now describe an elementary method that is designed to find points
that satisfy the second-order necessary conditions for a smooth, possibly
nonconvex function f, which are

Vf(x*) =0, V2f(x*) positive semidefinite (3.29)
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(see Theorem 2.4). In addition to Lipschitz continuity of the gradient V f, we
assume Lipschitz continuity of the Hessian V2 f. That is, we assume that there
is a constant M such that

IV2f () = V2 f)I < Mlx =y, forallx,y € dom(f).  (3.30)

By extending Taylor’s theorem (Theorem 2.1) to a third-order term and using
the definition of M, we obtain the following cubic upper bound on f:

1 1
fa+p <fO+Vfip+ EpTvzfmp + 5M||p||3. (3.31)

As in Section 3.2, we make an additional assumption that f is bounded below
by f.

We describe an elementary algorithm that makes use of the expansion
(3.31) as well as the steepest-descent theory of Section 3.2. Our algorithm
aims to identify a point that approximately satisfies the second-order necessary
conditions (3.29) — that is,

IV < € Amin(V2f(x)) > em, (3.32)

where €, and e are two small constants.

Our algorithm takes steps of two types: a steepest-descent step, as in
Section 3.2 or a step in a negative-curvature direction for V2 f. Iteration k
proceeds as follows:

Q) IfF VLR > €4, take the steepest-descent step (3.2) with o = 1/L.
(i) Otherwise, define A; to be the minimum eigenvalue of V2 £ (x¥) — that s,
A = Amin(sz(xk)). If A\t < €pg, choose pk to be the eigenvector
corresponding to the most negative eigenvalue of V2 f (x¥). Choose the
size and sign of p¥ such that || p¥|| = 1 and (p¥)TV £ (x¥) < 0, and set

2|A
o = k4 ockpk, where oy = % (3.33)
If neither of these conditions holds, then x¥ satisfies the necessary conditions

(3.32), so it is an approximate second-order-necessary point.
For the steepest-descent step (i), we have from (3.5) that

1 2
FED = FO8 = SZIVAEOI® < £65 - ;—i (3.34)
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For a step of type (ii), we have from (3.31) that

1 1
FED = FO +aV T p" + S (VA e+ Mt

2 3
<feH 1 (%) il + M (M)

2\ m 6 M
2 el
_ k =
= f(x%) 32
2 €3
< fxd =4, 3.35
e 395 (3.35)

By aggregating (3.34) and (3.35), we have that at each x* for which the
condition (3.32) does not hold, we attain a decrease in the objective of at least

2 3
e 2

min [ —£ 258 )
2L’ 3 M2

Using the lower bound f on the objective f, we see that the number of
iterations K required to meet the condition (3.32) must satisfy the condition

2 5 3
€, 2¢€
K mi g,_H < 0 ,
mm(2L 3M2)_f(x) f

from which we conclude that
3
K < max (2Leg2, §M2€H3> ( Fx% f) .

Note that the maximum number of iterations required to identify a point for
which just the approximate stationarity condition ||V f (xk)|| < € holds is
at most 2Leg_ 2(F(x%  f). (We can just omit the second order part of the
algorithm to obtain this result.) Note, too, that it is easy to devise approximate
versions of this algorithm with similar complexity. For example, the negative
curvature direction p* in step (ii) can be replaced by an approximation to the
direction of most negative curvature, obtained by the Lanczos iteration with

random initialization.

3.7 Mirror Descent

The steps of the steepest-descent method (3.2) can also be obtained from the
solution of simple quadratic problems:

1
= argmin ) +VEEHT xF) + o 2 (3.36)
k
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Thus, we can think of the new iterate being obtained from a first-order Taylor
series model with a quadratic penalty term, based on the Euclidean norm, that
penalizes our move away from the current iterate. Moreover, as o decreases,
the penalty becomes more severe, so the step becomes shorter. (This viewpoint
is useful in later chapters, where we consider constrained and regularized
problems.)

In this section, we consider a framework like (3.36) but with the final term
replaced by a general class of distance measures called Bregman divergences
and denoted by Dy, (-, -). The steps have the form

k= arg min f(xk) + Vf(xk)T(x — xk) + aiDh(x,xk). (3.37)
k

The subscript & refers to a function that is smooth and strongly convex in some
norm. That is, it satisfies (2.19) for some m > 0, but the norm in the final
term (m/2)|ly — x||* of this definition can be any norm, not necessarily the
Euclidean norm that we use elsewhere in this book. This function 4 is said to
generate the Bregman divergence Dy, (-, -) by means of the following formula:

Dy(x,2) :==h(x) h(z) Vh@ & 2), (3.38)

which is the difference between 4 (x) and the first order Taylor series approxi
mation of & at z, evaluated at x. See the illustration in Figure 3.2.

Di(x,2)

h(2)+Vh(2)*(x-2)

Figure 3.2 Illustration of how to compute a Bregman divergence Dy (x,z).
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Since h is strongly convex, Dj(x,z) is nonnegative and strongly convex
in the first argument. It may not satisfy other familiar properties of squared
norms, but it does satisfy a “three-point property.” This property holds for the
squared Euclidean norm, where it is known as the “law of cosines”: For any
three points x, y, z in R", we have

lx yIP=lx zZI+1lz yI* 26 270G 2)
= llx — zI> + llz = ylI> = 2llx — zllly — z]l cos y,

where y is the angle made at z by the vectors (x — z) and (y — z). When y is
/2, then x, y, and z form a right-angled triangle, and this law reduces to the
Pythagorean theorem.

Bregman divergences share the “three-point property.” We can show that

Dy(x,y) = Dy(x,2) — (x = )" (VA(y) = Vh(2)) + Di(z,y).  (3.39)

The proof is just algebra (see the Exercises). Remarkably, this property is
all we need to “mirror” the analysis of our standard convergence proofs for
steepest descent.

Example 3.7 (Squared Euclidean Norm) For h(x) = %Hx |2, we have

1 1 1
mu@=5ww EMW ZF(x )=l z|I?

b

so that (3.36) is a special case of (3.37) when the generating function is the
squared Euclidean norm.

Example 3.8 (Negative Entropy) Consider the n-simplex of probability
distributions, defined by A, := {p € R"|p > 0, > , pi = 0}. Take
h(p) = >_!_, pilog p; to be the negative entropy of the distribution p. This
function is convex, and for any p,q € A,, we have

n n n
Di(p.q) =Y pilogpi— Y gqiloggi — Y (loggi — 1)(pi — q)
i=1 i=1 i=1

n n n
= Z pi log p; Z pilogg; + Z(Pi qi)
i=1 i=l1 i=l1
n
Di
= o (2).
P qi

This measure is the Kullback—Liebler divergence, or KL divergence, between
p and g. The function 4 of this example is strongly convex with respect to the
norm || - || on the interior of A,,, with modulus 1. That is, we have
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1 .
h(p) = @+ Vh@ (p - @ +5lp gl forall p.g €intA,.
This bound is known as Pinsker’s inequality.

We now consider the mirror descent algorithm, which defines its iterates by
(3.37). Because, from (3.38), we have that

ViDp(x,z2) = Vh(x) V h(2),

the optimality conditions for (3.37) are
1 1
VR + — VA — —vh(F) =o.
(273 (273
We can thus write the next iterate x**1 explicitly as
K= (wpy! {Vh(xk) oszf(xk)},

where (Vh)~! is the inverse function of 4. In fact, this inverse function is
rarely computable, but for our special cases of Examples 3.7 and 3.8, it can
be computed explicitly. For A(x) = %||x||2, we have (Vh) 1(v) = v. For
h(p) = >"!_, pilog pi, we can show that

1 evi
(Vh)™ (v)i = W,
Examples 3.7 and 3.8 cover almost the full range of applications of mirror
descent. There are not many other strongly convex functions whose gradient
maps have simple inverses. But in principle, any such function # would define

its own Bregman divergence and hence its own mirror-descent algorithm.

i=12...,n.

Mirror-Descent Analysis. Because one of the key applications of mirror
descent (Example 3.8) restricts the iterates to a subset of R, we are more
careful than usual here in setting up and analyzing the method over something
less than the whole space R".

Let ¥ € D < R” be convex sets, and suppose that h: X — R is
continuously differentiable. Let || || be some arbitrary norm (not necessarily
Euclidean), and assume that # is strongly convex with modulus m with respect
to this norm; that is,

h(x) = h(z) + (Vh@).x  z) + %nx 2% forallx.z € X.

Also recall that a function f is L-Lipschitz with respect to || - || if and only if
llgll« < L forall g € af (x), where || - || denotes the dual norm of || - ||.
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Consider the mirror-descent algorithm (3.37), modified slightly to confine
its iterates to the set A

1
S =argmin FON + VDT H+—Dpx, x5, k=012 ....
xeX (274

From Theorem 7.2 and the definition of the normal cone, we see that the
optimality conditions for this subproblem are

1 1 T
[Vf(xk) + —VhEA —Vh(xk):| (x x>0, forallxeX.
(2734 Ok
(3.40)

Here (and also for later algorithms), we analyze the behavior of a weighted
average of the iterates rather than the iterates x* themselves. We define

k k
A = Zaj, x* = A;l Zajxj. (341
=0 =0

We have the following result, the proof of which is due to Beck and Teboulle
(2003).

Theorem 3.9 Let || - || be an arbitrary norm on X, and suppose that h is a m
strongly convex function with respect to || - || on X. Suppose that f is convex
and L-Lipschitz with respect to || - || and that a solution x* to the problem
min,cy f(x) exists, with objective f* = f(x*). Then for any integer T > 1,
we have

Di(x*. x° LT 2
- n(x*,x7) + 7 D=0 %

fGEhH - <
Z;T=o %

)

where xT is defined by (3.41).
Proof By adding and subtracting terms, we have
VT " 2%
=( qVfa VA +Vva )T er 2
+ (VAT Va )Tt D F @y e Tet .
The first term on the right hand side is nonpositive because of the optimality

conditions (3.40). The second term can be rewritten using the three-point
property (3.39) as follows:

(Vh(xk+l) _ Vh(xk))T(x* _ )Ck+l)

= —Dp(x*, Xy — Dy KL )+ Dy (¥ ).
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The final term can be bounded as
a VTR Y < IV Lxk x5
2
(07 m
< K IVFEIZ + Sk = X2,
2m 2

where we used the bound ab < %az + %bz for any scalars a and b. Finally,
note that since £ is strongly convex with parameter m, we have

— Dy k) 4 Tk — 2
= hORY) 4+ h () + VREHT (k! ka_%”xk 2 < 0.

By assembling all these inequalities and substituting into the original expres-
sion, we obtain

2
o
aV T x) < Dyt 4 D) + SV I
(3.42)
We now proceed with a telescoping sum argument. We first use convexity of f

and then (3.42) to obtain

T
FED o 2ad Dy a6 fe)

k=0

T
<Yy aViehHT - xn
k=0

T 2
_ o
a0 IDh(X*,xk) Dy (x*, xF1) + ﬁllVf(xk)Hf
k=0

T
= Dh ) 4 5 Yo IV
— A‘T ’

where we used Dy, (x*,xT1) > 0 in the final inequality. Since |V f (x%)||, < L

by assumption, the proof is complete. O

We can use this result to make various choices of steplengths o;. Suppose
that we have a bound R on Dy, (x*,x%) (this may be easy to obtain if the set X
is compact, for example) and knowledge of the constants L associated with f
and m associated with 4. Then choosing the number of iterations 7" in advance,
the “optimal” choice of fixed steplength will be the value « that minimizes
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2T 2 LA(T+D) 2
R+ 3w Yimo®” _ R+«
ST o (T + Da

A short calculation shows that the minimizing value is

v2mR 1
q=mr 2 (3.43)
L JT+1
which yields the following estimate:
L /2R 1
fah s ——. (3.44)
vm YT +1

Note that this rate of 1/~/T is asymptotically slower than the 1/7T rate
achieved for convex functions in Section 3.2.2. However, we note two points.
First, mirror descent is not particularly sensitive to variations in the steplength.
For example, if the choice of fixed steplength in (3.43) is scaled by a constant
6 > 0 (because of misestimation of the constants L and R, for example),
the effect on the convergence expression (3.44) is modest; the right hand side
increases, but only by a factor related to @ and 0~'. Averaging of the iterates
results in slower convergence but greater robustness to choice of steplength. (If
the steplength in the regular steepest descent method of Section 3.2.2 is chosen
to be too long, the method may not converge at all.)

The second point is that the constants L, R, and m may be smaller for a
certain choice of Bregman divergence and norm than for the usual Euclidean
norm. Returning to Example 3.8, where X is the unit simplex A,, we have, by
choosing x? to be the midpoint (1/1)1 of the simplex, that

n
R = sup Dh(p,%l) < sup Z(p,- log pi pilogl/n) <logn.
PEA, PEA, i=1

We noted already that in Example 3.8, the function 4 is strongly convex with
respect to norm || || | with modulus m = 1. Moreover, using the dual norm
Il |l s, the constant L bounds the supremum of ||V f (x) ||« over X, rather than
IV f(x)]l2, which may be larger by a factor of n. The advantage of this setup
can be observed in practice. Mirror descent with the KL divergence is often
considerably faster for optimizing a function over the simplex than the mirror-
descent variant based on the Euclidean norm, particularly when the gradients
V f(x) are dense vectors.
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3.8 The KL and PL Properties

Some functions that are convex but not strongly convex have a property
that allows convergence results to be proved with rates similar to those for
strongly convex functions. The Polyak-t.ojasiewicz (PL) condition (Polyak,
1963; Karimi et al., 2016) holds when there exists m > 0 such that (3.10)
holds; that is,

IVFOI* = 2mlf(x)  f(x™)], (3.45)

where x* is any minimizer of f. This condition can be combined with a bound
of the form (3.19) on the per-iterate decrease to obtain linear convergence rates
of the form (3.15).

An example of a function satisfying PL but not strong convexity is the
quadratic function f(x) = %xTAx, where A > 0 but A is singular. Then
f* = 0 and the condition (3.45) holds where m is the smallest nonzero
eigenvalue of A. (See Section A.7 in the Appendix for a proof of this claim.)

The PL condition is a special case of the Kurdyka—t.ojasiewicz (KL)
condition (Lojasiewicz, 1963; Kurdyka, 1998), which again requires ||V f (x) ||
to grow at a rate that depends on f(x) — f(x*) as x moves away from the
solution set. The nature of this growth rate and of the algorithm for generating
{xk} allows local convergence of {f(x¥)} to f(x*) at various rates to be
proved.

Notes and References

The proof of Theorem 3.3 is from the notes of L. Vandenberghe, and
Theorem 3.6 is from Nesterov (2004, theorem 2.1.14).

Additional information about line-search algorithms can be found in
Nocedal and Wright (2006, chapter 3).

Exercises

1. Verify that if f is twice continuously differentiable with the Hessian
satisfying m1 < V2 f(x) for all x € dom (f), for some m > 0, then the
strong convexity condition (2.18) is satisfied.

2. Show as a corollary of Theorem 3.5 that if the sequence {x*} described in
this theorem is bounded and if f is strongly convex, we have

k

limg_ oo X* = x*.
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. How is the analysis of Section 3.2 affected if we take an even shorter

constant steplength than 1/L — thatis, « € (0,1/L)? Show that we can
still attain a “1/k” sublinear convergence rate for { f (x%)} but that the
rate involves a constant that depends on the choice of «.

. Find positive values of €, y|, and y; such that the Gauss—Southwell

choice df = [Vf(xk)]ikeik, where iy = argmin;—12, » |[Vf(xk)]i|
and e;, is the vector containing all zeros except for a 1 in position i,
satisfies conditions (3.22).

. Suppose that f: R” — R is a strongly convex function with modulus m,

an L Lipschitz gradient, and (unique) minimizer x* with function value
f* = f(x*). Use the co coercivity property (2.21) and the fact that

V f(x*) = 0 to prove that the kth iterate of the steepest-descent method
applied to f with steplength ﬁ satisfies

k
K 1
I x*ns( )nxo x*,
Kk +1
where k = L/m.

Let f be a convex function with L Lipschitz gradients. Assume that we
know that the minimizer lies in a ball of radius R about zero. In this
exercise, we show that minimizing a nearby strongly convex function will
yield an approximate minimizer of f with good complexity. Consider
running the steepest-descent method on the strongly convex function

€

mnxn%

fe(x) = f(x) +
where 0 < € <« L, initialized at some x° with ||x°|| < R. Let x} denote
the (unique) minimizer of f.

(a) Prove that f(z) f(x*) < fe(@)  fe(x) + 5, for any z with
Izl < R.
(b) Prove that for an appropriately chosen steplength, the
steepest descent method applied to f. will find a solution such that

Jfe(@) fe(x:) =

N1

in at most approximately

— log

RZL 8R2L
€

) iterations.
€
Find a precise estimate of this rate, and write the fixed steplength that

yields this convergence rate.
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7. Let Abe an N x d matrix with N < d and rank(A) = N, and consider
the least-squares optimization problem

min f (x) := %HAx b|1>. (3.46)

(a) Assume there exists a z such that Az = b. Characterize the solution
space of the system Ax = b.

(b) Write down the Lipschitz constant for the gradient of the function
(3.46) in terms of A.

(c) If you run the steepest-descent method on (3.46) starting at x0=0,
with appropriate choice of steplength, how many iterations are
required to find a solution with %||Ax b|* < €?

(d) Consider the regularized problem

. 1
min f,,(x) = ~ [ Ax = b|I* + x| (3.47)

for some 1 > 0. Express the minimizer x,, of (3.47) in closed form.

(e) If you run the steepest-descent method on (3.47) starting at x0=0,
how many iterations are required to find a solution with
Ju@) = fulxp) < €?

(f) Suppose % satisfies f,,(X)  f.(x,) < e. Find a tight upper bound on
f&).

(g) From Section 3.8, for f defined in (3.46), find the value of m that
satisfies (3.45), in terms of the minimum eigenvalue of A7 A (and
possibly other quantities).

(h) Referring to Section 3.2.3, define an appropriate choice of steplength
for the steepest-descent method applied to (3.46), and write down the
linear convergence expression for the resulting method.

8. Modify the Extrapolation Bisection Line Search (Algorithm 3.1) so that
it terminates at a point satisfying strong Wolfe conditions, which are

fef+ad®) < FG65) + crav T ak, (3.482)
IV f (X 4+ ad)Tdk| < eV (T dk, (3.48b)

where ¢ and ¢, are constants that satisfy 0 < ¢; < ¢ < 1. (The
difference between the strong Wolfe conditions and the weak Wolfe
conditions (3.26) is that in the strong Wolfe conditions the directional
derivative V f (x¥4+-ad*)Td¥ is not only bounded below by c|Vf (x%)Td¥|
but also bounded above by this same quantity. That is, it cannot be too
positive. (Hint: You should test separately for the two ways in which
(3.48b) is violated; that is, V f (x¥ + ad®)T d* < — 2|V f (x¥)T d¥| and
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10.
11.

3 Descent Methods

Vf(xk +ad¥)Td* > |V f(x¥)T d¥|. Different adjustments of L, o, and
U are required in these two cases.)
Consider the following function f: R" — R:

1 n—1 n
fx) = 2 Zcos(xl Xi+1) + lelz.
=1 =1

(a) Compute a fixed steplength for which the steepest-descent method is
guaranteed to converge.

(b) Characterize the stationary points x (the points for which
V f(x) = 0). For each such point, determine if it is a local minima,
local maxima, or a global minimum.

(c) Consider the steepest-descent method with the fixed steplength you
computed in part (a) and the initial point xg = [1, 1,1, ..., 117,
Determine to which stationary point the algorithm converges.
Explain your reasoning.

Prove the three-point property (3.39) for Bregman divergences.

Suppose the choice of fixed steplength o (3.43) in the mirror-descent

algorithm is scaled by some positive constant 6. Show how this modified

choice changes the bound (3.44).



4
Gradient Methods Using Momentum

The steepest-descent method described in Chapter 3 always steps in the
negative gradient direction, which is orthogonal to the boundary of the level
set for f at the current iterate. This direction can change sharply from one
iteration to the next. For example, when the contours of f are narrow and
elongated, the search directions at successive iterations may point in almost
opposite directions and may be almost orthogonal to the direction in which the
minimizer lies. The method may thus take small steps that produce only slow
convergence toward the solution.

The steepest descent method is “greedy” in that it steps in the direction that
is apparently most productive at the current iterate, making no explicit use of
knowledge gained about the function f at earlier iterations. In this chapter,
we examine methods that encode knowledge of the function in several ways
and exploit this knowledge in their choice of search directions and steplengths.
One such class of techniques makes use of momentum, in which the search
direction tends to be similar to the one used on the previous step but adds a
small component from the negative gradient of f, evaluated at the current point
or a nearby point. Each search direction is thus a combination of all gradients
encountered so far during the search a compact encoding of the history of
the search. Momentum methods include the heavy-ball method, the conjugate
gradient method, and Nesterov’s accelerated gradient methods.

The analysis of momentum methods tends to be laborious and not very
intuitive. But these methods often achieve significant practical improvements
over steepest descent, so it is worthwhile to gain some theoretical under-
standing. Several approaches to the analysis have been proposed. Here, we
begin with strictly convex quadratic functions (Section 4.2) and present a
convergence analysis of Nesterov’s accelerated gradient method that uses tools
from linear algebra. We relate this analysis technique to the notion of Lyapunov
functions, which we then use as a tool to analyze first strongly convex functions

55



56 4 Gradient Methods Using Momentum

(Section 4.3) and then general convex functions (Section 4.4). We make some
remarks about the conjugate gradient method in Section 4.5 and then discuss
lower bounds on global convergence rates in Section 4.6. (Lower bounds define
a “speed limit” for methods of a certain class; methods that achieve these
bounds are known as “optimal methods.”)

One way to motivate momentum methods is to relate them to techniques for
differential equations. We do this next.

4.1 Motivation from Differential Equations

One way to build intuition for momentum methods is to consider an optimiza-
tion algorithm as a dynamical system. The continuous limit of an algorithm (as
the steplength goes to zero) often traces out the solution path of a differential
equation. For instance, the gradient method is akin to moving down a potential
well, where the dynamics are driven by the gradient of f, as follows:

dx
i V f(x). 4.1)

This differential equation has fixed points precisely when V f(x) = 0, which
are minimizers of a convex smooth function f. Equation (4.1) is not the only
differential equation whose fixed points occur precisely at the points for which

V f(x) = 0. Consider the second-order differential equation that governs a
particle with mass moving in a potential defined by the gradient of f:

X v —p 4.2)
dr2 . dt’ ’

where i > 0 governs the mass of the particle and b > 0 governs the friction
dissipated during the evolution of the system. As before, the points x for which
V f(x) = 0 are fixed points of this ODE. In the limit as the mass u — 0, we
recover a scaled version of system (4.1). For positive values of u, trajectories
governed by (4.2) show evidence of momentum, gradually changing their
orientations toward the direction indicated by —V f(x).

A simple finite-difference approximation to (4.2) yields

x(t+ A1) 2x(@) + x(t At)

(An)? NV f(ny) — pRUTAD X0

At

(4.3)
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By rearranging terms and defining « and 8 appropriately (see the Exercises),
we obtain

x(t+AD =x() aVfx@®)+pxE) x Ar)). 4.4)

By using this formula to generate a sequence {x*} of estimates of the vector x
along the trajectory defined by (4.2), we obtain

xk+l — xk _ O{Vf(xk) + ﬂ(.xk _ xk—l)’ (45)

where x~! := xO. The algorithm defined by (4.5) is heavy ball method,
described by Polyak (1964). With a small modification, we obtain a related
method known as Nesterov’s optimal method, discussed later. When applied
to a convex quadratic function f, approaches of the form (4.5) (possibly
with adaptive choices of o and 8 that vary between iterations) are known as
Chebyshev iterative methods.

Nesterov’s optimal method (also known as Nesterov’s accelerated gradient
method (Nesterov, 1983)) is defined by the formula

A =3 a4 et AT 4 BRE KD @)

The only difference from (4.5) is that the gradient V f is evaluated at x* +
B(xk  x*=1) rather than at x*. By introducing an intermediate sequence {y*}
and allowing « and B to have possibly different values at each iteration, this
method can be rewritten as follows:

Y= xb 4 Bk =X (4.7a)
=y — VN, (4.7b)
where we define x~! = x0 as before, so that yo = xY. Note that we

obtain y¥ by taking a pure momentum step based on the last two x-iterates,
while we obtain x¥*! by taking a pure gradient step from y*. In this sense,
the momentum step and the gradient step are teased apart, rather than being
combined in a single step.

Note that each of these methods has a fixed point with x*k = x*, where x*
is a minimizer of f. (For Nesterov’s method, we also need y* = x*.) The rest
of the chapter is devoted to finding conditions under which these accelerated
algorithms converge to x™ at provable global rates. As we will see, with proper
setting of parameters, these methods converge faster than the steepest-descent
method.
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4.2 Nesterov’s Method: Convex Quadratics

We now analyze the convergence behavior of Nesterov’s optimal method (4.6)
when applied to convex quadratic objectives f and derive suitable values for
its parameters « and 8. We consider

fx) = %xTQx b'x+c¢ (4.8)
with positive definite Hessian Q and eigenvalues
O<m=Ayp <A1 <--- <A <A =L. 4.9)
The condition number of Q is thus
K :=L/m. (4.10)

Note that x* = Qb is the minimizer of f,and Vf(x)=Qx b= Q(x x*).
By applying (4.6) to (4.8) and adding and subtracting x* at several points
in this expression, we obtain

xk—i—l x*

=@k ) w0k B KD B (eh k) ).
By concatenating the error vector x¥ — x* over two successive steps, we can
restate this expression in matrix form as follows:

XX Ta+pd Q) BU aQ)[ xF x* ] @1
x| I 0 xk= x| )
By defining
k+1 * 7
P [ _[a+pU «Q) BU aQ)
w '_|:xk x*]’ T._[ 7 0 | (4.12)
we can write the iteration (4.11) as
wE=Tw* !, k=12.... (4.13)
For later reference, we define x ! := x9, so that
X0 x*
w® = [xo B x*} : (4.14)

Before stating a convergence result for Nesterov’s method applied to (4.8),
we recall that the spectral radius of a matrix T is defined as follows:

o(T) := max{|A|: A isan eigenvalue of T}. 4.15)
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For appropriate choices of « and 8 in (4.6), we have p(T) < 1, which implies
convergence of the sequence {w*} to zero. We develop this theory in the
remainder of this section.

Theorem 4.1 Consider Nesterov’s optimal method (4.6) applied to the convex
quadratic (4.8) with Hessian eigenvalues satisfying (4.9). If we set

el VI-m_ Ji-
T P e ym kU

L 9
the matrix T defined in (4.12) has complex eigenvalues

(4.16)

Vi1 = ! [(1 +B80 k) +i\/4ﬁ(1 akri) (14 B2 Ot?»i)z],
)
(4.17a)

Vij2 =

[(1 +B) A —ar) —i \/4,3(1 —ai) — (14 B)2(1 — ax,-)2] .
(4.17b)

1
2

Moreover, p(T) <1 1/ /k.

Proof We write the eigenvalue decomposition of Q as Q = UAUT, where
A = diag (A1,A2, ..., A,). By defining the permutation matrix IT as

1 diodd, j=(@G+1)/2
Mjj =11 ieven, j=n+(i/2)

0 otherwise,

we have, by applying a similarity transformation to the matrix 7', that

T
n[U o] [(Hﬂ)(l “@ aQ)HU O]HT

0 U 1 0 U
=1_[[(1+/3)(1 ah) B OlA):| n’
1 0
T
Iy
T,

where

=12,...,n.

. [a +A (1 —ak) —B(1 - am}
I — 1 O )
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The eigenvalues of T are the eigenvalues of 7;, fori = 1,2, ...,n, which are
the roots of the following quadratic:

u? — (1+ B)(1 —arju+ B(1 —akr;) =0,

which are given by (4.17). Note first that fori = 1, we have fromo = 1/L and
A1 = L that vi;1 = v12 = 0. Otherwise, the roots (4.17) are distinct complex
numbers when 1 — aA; > 0 and (1 4+ B)*(1 —a;) < 4. It can be shown that
these inequalities hold when « and 8 are defined in (4.16) and A; € (m,L).
Thus, fori = 2,3, ... ,n, the magnitude of both v; ; and v; 7 is

%\/(H-ﬂ)z(l ar)? +4B(1 ar) (14 B0 ar)?

= VAR @)= VBYT Ga/D)
Thus, for A; > m, we have
VBT Gi/D) = VBT /D)
_(ﬁ—ﬂ.L—m>”2

VL+ Jm L
(VI-ym (JI— ym(VI+ym\"
A\ VL+ ym L
AN
_T_l m/L,

with equality in the case of A; = m (thatis, i = n). We thus have

p(T) = max max(jvi,l,|vi2) =1 1/ Vk,
=1,2, ,n

L

as required. O

We now examine the consequence of 7" having a spectral radius less than 1.
A famous result in numerical linear algebra called Gelfand’s formula (Gelfand,
1941) states that

) e\ 1k
o(T) = lim (||T ||) : (4.18)
k—o00
A consequence of this result is that for any € > 0, there is Cc > 1 such that
ITX]| < Ce(p(T) + o). (4.19)
Thus, from (4.13), we have
Wk = 1T w0l < IT W’ < (Cellw’ ) (o(T) + €)F,
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which implies R-linear convergence, provided we choose € € (0,1  p(T)).
Thus, when p(T") < 1, we have from (4.19) that the sequence {wk } (hence, also
{xk x*) converges R-linearly to zero, with rate arbitrarily close to p(T).

Let us compare the linear convergence of Nesterov’s method against steep-
est descent on convex quadratics. Recall from (3.17) that the steepest-descent
method with constant step « = 1/L requires O((L/m)loge) iterations to
obtain a reduction of factor € in the function error f(x¥)  f*. The rate defined
by B in Theorem 4.1 suggests a complexity of O(+/L/mloge) to obtain a
reduction of factor € in ||wX|| (which is obviously a different quantity from
F(x*)y  £*, but one that also shrinks to zero as x¥ — x*). For problems in
which the condition number k = L/m is moderate to large, Nesterov’s method
has a significant advantage. For example, if x = 1,000, the improved rate
translates into an approximate factor-of 30 reduction in number of iterations
required, with similar workload per iteration (one gradient evaluation and a
few vector operations).

A similar convergence result can be obtained by using the notion of
Lyapunov functions. A Lyapunov function V: R? — R has two essential
properties:

1. V(z) > O forall z # z*, for some z* € RP
2. V(z*) =0.

Lyapunov functions can be used to show convergence of an iterative process.
For example, if we can show that V(ZFtY < p2V(ZF) for the sequence (8
and some p < 1, we have demonstrated a kind of linear convergence of the
sequence to its limit z*.

We construct a Lyapunov function for Nesterov’s optimal method by
defining a matrix P from the following theorem.

Theorem 4.2 Let A be a square real matrix. Then, for a given positive scalar
p, we have that p(A) < p if and only if there exists a symmetric matrix P > 0
satisfying ATPA  p?P < 0.

Proof 1If p(A) < p, then the matrix

o0

P o= Zp 2 AT 4Ky

k=0

is well defined, is positive definite (because the first term in the sum is a
multiple of the identity and all other terms are at least positive semidefi-
nite), and satisfies AT PA — p>P = — p2I <0, proving the “only if” part
of the result. For the converse, assume that the linear matrix inequality
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ATPA ,02P < 0 has a solution P > 0, and let A € C be an eigenvalue
of A with corresponding eigenvector v € CP. Then

0> vlAT PAY — p*v Pv = (A = p?)vH Pu.
But since v/ Pv > 0, we must have |A| < p. O

We apply this result to Nesterov’s method by setting A = T in (4.12). If
there exists a P > 0 satisfying TT PT  p?P < 0, we have from (4.13) that

WHT Pwk < p2(w*HT puwr=1. (4.20)
Iterating (4.20) down to k = 0, we see that
WA Puwk < p* w7 Puw,
where w? is defined in (4.14). We thus have
Amin(P) x5 = x* 12 < Amin (P) w12 < o2 | P w1 = 207 | P 1O —x*|1%,
so that

Ix*  x*|| < /2cond(P)[x®  x*| ok,

where cond(P) is the condition number of P. In other words, the function
V(w) := wl Pw is a Lyapunov function for the Nesterov algorithm, with
optimum at w* = 0. This function decreases strictly over all trajectories and
thus certifies that the algorithm is stable; that is, it converges to nominal values.

For quadratic f, we are able to construct a quadratic Lyapunov function
by doing an elementary eigenvalue analysis. This proof does not generalize to
the nonquadratic case, however. We show in the next section how to construct a
Lyapunov function for Nesterov’s optimal method that guarantees convergence
for all strongly convex functions.

4.3 Convergence for Strongly Convex Functions

We have shown that methods that use momentum are faster on convex
quadratic functions than steepest-descent methods, and the proof techniques
build some intuition for the case of general strongly convex functions. But they
do not generalize directly. In this section, we propose a different Lyapunov
function that allows us to prove convergence of Nesterov’s method for the case
of strongly convex smooth functions, satisfying (2.18) (with m > 0) and the
L-smooth property (2.7).
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It follows from the analysis of Section 3.2 that V(x) := f(x) f*is
actually a Lyapunov function for the steepest-descent method (see (3.14)). For
Nesterov’s method, we need to define a specially adapted Lyapunov function.
First, for any variable v, we define 7% := v¥  v* for any sequence {v*} that
converges to v*. Next, we define the Lyapunov function as follows:

L
Vi=foh St 2 R 4.21)
(We have omitted the dependence of Vi on xk and x*¥—1 for clarity.) We will
show that
Vig1 < p*Vi forsome p < 1, (4.22)

provided that oy and B are chosen as in (4.16); that is,

1 5 N/
ay = —, .
“TL ¢ e+ 1

To do so, we only make use of the standard chain of inequalities for
strongly convex functions with Lipschitz gradients that we used extensively
in Chapter 3 for studying the gradient methods. Namely, we use inequalities
(2.9) and (2.19), restated here for convenience:

F@Q+V @ Tw—2)+ %Ilw — )
< f(w)

L
< f@Q+ V) (w O+ 5w zll3, forallwandz.  (4.24)

(4.23)

For compactness of notation, we define uk = %V £(y%). (Since u* = 0,
k = k) The decrease in the Lyapunov function at iteration k is
developed as follows:

we have u

Vigr = fOD) f*+§||ik+1 P25
< foh f §||ﬁ"||2+§||ik“ p? ik (4.25)
=P[O = 1+ L@ - 58] - pPL@h T @ -
(4.25b)
+d AU o LEhTH+a pHLEH
Lok Lk 2ck2
SN2 + 1% P23k 1%,

Here, formula (4.25a) follows from the right-hand inequality in (4.24), with
w = x**! and z = yk, and (4.25b) is obtained by adding and subtracting
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the same term several times. We now invoke the left-hand inequality in (4.24)
twice. By setting w = y* and z = x* and using ¥ = uf = %Vf(yk), we
obtain

FOH < FaH = vEoHT ek =y - %nx" — ¥
=rehy LaHTE Y TIE YR
By setting w = x* and z = y in this same bound, we obtain
FE = FON VLN 3+ T X
= FON =L@ + S
By substituting these bounds into (4.25b), we obtain
R A T I L P
PPLGHTE Y+ pHLEHTF

L _ L _ -
— @k + S F - p%ER?

L
—pz[f(xk) f*+5||i" p? ik ‘||}

mp? . m(l  p%)
Yo ———15"1?

2 2
- - L
+L@HT G p2Ek) Enukn2

kil 2ek2 PPLok a1
—IIJC e TII)~C p x| (4.26a)
— 02V + Ry (4.26b)
where
2
mo< . . m(l p ) - 5 L _
Ri= == Y2 ———I3"IP+L@H " o2 St
Lo it 22k 2 2 <k 2 k=12
+ Ellx P x| Tllx XTI 4.27)

The bound (4.26b) suffices to prove (4.21), provided we can show that Ry
is negative. We state the result formally as follows.

Proposition 4.3 For Nesterov’s optimal method (4.7) applied to a strongly
convex function, with ay and By defined in (4.23), and setting p* = (1 —
1/ \/x), we have for Ry defined in (4.27) that
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R st (h o2 )1

This result is proved purely by algebraic manipulation, using the specifi
cation of Nesterov’s optimal method along with the definitions of the various
quantities and the steplength settings (4.23). We leave it as an Exercise. Note
that any choice of p and B; that make this quantity negative would suffice. It
is possible that one could derive a faster bound (that is, a lower value of p) by
making other choices of the parameters that lead to a nonpositive value of Ry.

Proposition 4.3 asserts that Ry is a negative square for appropriately chosen
parameters. Hence, we can conclude that Vi1 < /Osz- We summarize the
convergence result in the following theorem.

Theorem 4.4 For Nesterov’s optimal method (4.7) applied to a strongly convex
function, with oy, and By defined in (4.23), and setting p> = (1 1/ /k), we
have

k
fofy = fr < (1 {reo) = 7+ Flwo —x712}.

%)

Proof We have from Vi < ,o2 Vi and the definition of V} in (4.22) that

k
FG5 Vi< p* V= (1 %) Vo.

Recalling that x~1:= xY we have from (4.22) that
L -
Vo=fG%) = £+ ZI0 = p)E)°

PP R A A T S
—f(x)f+2ﬁ||x x|

m
= fGo) £+ Sl X2

giving the result. O

We note that the provable convergence rate is slightly worse for Nesterov’s
method than for the heavy-ball method applied to quadratics: 1 1/ 4/« for
Nesterov and approximately 1 2/ ./« for heavy ball. (We prove the latter
rate in the Exercises, using a similar technique to the one in Section 4.2.) This
worst-case bound suggests that Nesterov’s method may require about twice as
many iterates to reach a given tolerance threshold €. This discrepancy is rarely
observed in practice. Moreover, Nesterov’s method can be adapted to a wider
class of functions, as we show now.
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4.4 Convergence for Weakly Convex Functions

We can prove convergence of Nesterov’s optimal method (4.7) for weakly
convex functions by modifying the analysis of Section 4.3. We need to allow
Bk to vary with k (and, hence, p; also) while maintaining a constant value for
the o parameter: oy = 1/L.

We start by redefining V to use a variable value of p, as follows:

L _ Pk
Vi = f(x5) f*+5||x’< pp 1312 (4.28)

We can now proceed with the derivation of the previous section, substituting
this modified definition of Vj into (4.25) and (4.26) and replacing p with p; in
the addition/subtraction steps. By setting m = 0 in (4.26a), we obtain

L . e
Vi1 < oF [f(x") — f*+ Enxk — pp_ & ﬂ

~ - - L .
+ L@ G = ot — St
L . 3 oiL 3
S Lo [ B R B
2 2
L . e
=0t [f(x") L Lt ﬂ
L _ N PiL e
i LU= R E A N C B BLY
= pi Vi + Wi (4.29b)
where
L _ . PiL e
Wii= ZI5° o1 =18 ol R (4.30)

Formula (4.29a) follows by using the identity ¥+ = x*k+1  x* = yk  4F

x* =75 7wk, from (4.7b), and by completing the square.
We now choose py to force Wi = 0 for k > 1. From the definition (4.30),
this will be true, provided

= pixt = g — prpp (4.31)

By substituting 75 = (1 + ik — gxk=! (from (4.7b)) and setting the
coefficients of ¥ and %! to zero, we find that the following conditions ensure
4.31):

1+ B — pi = ok Br = Pro}—y- (4.32)
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From an arbitrary choice of py (more information about this is given in what
follows), we can use these formulas to define subsequent values of S and pg,
for k = 1,2, .... By substituting for 8;, we obtain the following relationship
between two successive values of p:

L+ ooy 1 o =0, (4.33)
which yields
1 272
I T (4.34)
(1 Pk_l)

Using the fact that V; < ,0,3_1 Vi_ifork =1,2,... (from (4.29b) and W =0
fork =1,2,...), we obtain

(r p})?

T 439
0

k—1
2 2 2 2
Ve £ 0_1Pi—2---P1V1 = ||/0j Vi=
j=1

For a bound on Vj, we make the choices pg = 0 and p | = 0, use (4.29b) and
(4.30), and recall that y° = x° to obtain

L L
Vi< Wy = 5||y°||2 = Enx" —x*|%

which by substitution into (4.35) (setting po = 0 again) yields

L
Vi = (1= oS Ix” = 2|1 (4.36)
We now use an elementary inductive argument to show that
1—pt<—2 (4.37)
Pe=412 ‘

Note first that the choice p9 = 0 ensures that (4.37) is satisfied for k = 0.
Supposing that it is satisfied for some k, we want to show that 1 ,o,% 1 =
2/(k + 3). Suppose for contradiction that this claim is not true. We then have

2 k+1
2 2
1 P41 =~ m, so that Pry1 < m
and, thus,
(1 pp)? >< 2 >2k+3_ 4
p,§+1 k+3) k+1 (*k+Dk+3)

Since (k + 1)(k + 3) < (k + 2)2 for all k, this bound together with (4.37)
contradicts (4.34). We conclude that (4.37) continues to hold when k is
replaced by k + 1, so, by induction, (4.37) holds for k =0, 1,2, ....
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By substituting (4.37) into (4.36) and using the definition (4.28), we obtain
2L

by v < v < ——_1x9 — x*)2. 4.38

FER =S = Vies g - (4.38)

This sublinear rate is faster than the rate proved for the steepest-descent method
in Theorem 3.3 in that 1/k convergence has become 1/k? convergence.

We summarize Nesterov’s optimal method for the weakly convex case in
Algorithm 4.1. Note that we have defined p; and B to satisfy formulas (4.32)
and (4.33), fork = 1,2,...,and set oy = 1/L in (4.7b).

Algorithm 4.1 Nesterov’s Optimal Algorithm: Weakly Convex f

Given x and constant L satisfying (2.7), set x ' =x°, By = 0, and pp = 0;
fork=0,1,2,... do
Set y¥ 1= xk + gr(xk xh;
SetxM =k (1/L)V (P,
Define pr+1 to be the root in [0, 1] of the following quadratic: 1 +
peri(pp 1) pi, =0
Set Bit1 = Pr+10:
end for

4.5 Conjugate Gradient Methods

A problem with the version of Nesterov’s method described before is that we
need to know the parameters L and m to compute the appropriate steplengths.
(There are versions of these methods for which this prior knowledge is
not required, and adaptive estimates of L are made (see Nesterov, 2015;
Beck and Teboulle, 2009). The conjugate gradient method, developed in the
early 1950s for systems of equations involving symmetric positive definite
matrices (equivalently, minimizing strongly convex quadratic functions) does
not require knowledge of these parameters. The conjugate gradient method,
which is also a momentum method, can be extended and adapted to solve
smooth (even nonconvex) optimization problems, as shown first by Fletcher
and Reeves (1964).

Focusing for the moment on the case of strongly convex quadratic f,
consider first the heavy-ball formula (4.5) in which « and § are allowed to
vary across iterations, as follows:

A = Xk — oV R + Bk — XK. (4.39)
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‘We now introduce a vector pk that captures the search direction, such that

xktl = xk 4 o pk for all k. With some manipulation, we see that
Bk Brotk—1 4_
pk=—Vfuh+5; A = —vrek) + " = pt!

= -V + peipt

where we introduced a new scalar y;_; to replace Broy—1/c. (Initially, we
set p = V f(x9).) The conjugate gradient method also keeps track of the
residual r¥ = Vf (xk) = ka b, where we used the notation (4.8). Note that

rk can be updated to ¥+ as follows:

P = oxM ! — b = OxF — b+ a Qp* = r* + a OpF.

Thus, the conjugate gradient method for strongly convex quadratic functions
can be defined by the following three update formulas:

AL RS oekpk, (4.40a)
P rF o 0pF, (4.40b)
P~ P yph (4.40¢)

together with the formulas defining the scalars y; and ax. We choose oy by
performing an exact minimization of f (x*+ap*) for @ — which, for the convex
quadratic (4.8), leads to the explicit formula
kNT .k
o = %. (4.41)
(P Qp
We choose y to ensure that the two directions p* and p**! satisfy conjugacy
with respectto Q thatis, (p¥)T Qp**! = 0. By substituting from (4.40c), we
obtain

k+1

(rk—i-l)Tka (rk+l)Trk+l
(P Opx ()T rk
(The equality of the last two formulas is not obvious, and we leave it as an
Exercise.) Formulas (4.40), (4.41), and (4.42), along with the initial iterate x°
and search direction p® = (Qx° b), give a complete description of the basic
conjugate gradient method for the strongly convex quadratic function (4.8).
One remarkable property of the conjugate gradient method is that we do not
just have conjugacy of two successive search directions pX and p**!, ensured
by formula (4.42), but, in fact, p**! is conjugate to all preceding search
directions pk , pk’], R pol It follows that these directions form a linearly
independent set, and we can show in addition that x**1 is the minimizer of

Vi = (4.42)
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f in the affine set defined by x° + span {p?, p!, ..., p*}. Thus, the conjugate
gradient method is guaranteed to terminate at an exact minimizer of a strongly
convex quadratic f in at most n iterations.

Many extensions of the conjugate gradient approach to nonquadratic and
nonconvex functions have been proposed. These typically involve choosing o
with a (possibly inexact) line search along the direction p* and defining y in a
way that mimics (4.42) (and usually reduces to this formula when f is convex
quadratic and oy is exact). The many variants of nonlinear CG are discussed
in Nocedal and Wright (2006, chapter 5). There are some convergence results
for these methods, but they are generally not as strong and those proved for the
accelerated gradient methods that are the main focus of this chapter. Because
these methods often perform well, we expect them to become topics of further
investigation, so stronger results can be expected in future. (In contrast, the
convergence theory for the conjugate gradient method applied to the convex
quadratic case is extraordinarily rich, as also discussed in Nocedal and Wright
(2006, chapter 5).)

4.6 Lower Bounds on Convergence Rates

The term “optimal” is used in connection with Nesterov’s method because the
convergence rate achieved by the method is the best possible (up to a constant),
among algorithms that make use of gradient information at the iterates x* and
functions with Lipschitz continuous gradients. This claim can be proved by
means of a carefully designed function for which no method that makes use
of all gradients observed up to and including iteration k (namely, V f(x'),
i = 01,2,...,k) can produce a sequence {xk} that achieves a rate better
than (4.38). The function proposed by Nesterov (2004) is a convex quadratic
fx) = %xTAx elTx, where

2 -1 0 0 ... ... 0 |
1 2 —1 0 ... ... 0 0

0 -1 2 -1 0 0
A= . ’ el_ 0
0 12 1 :
K 0 1 2 0

The solution x* satisfies Ax* = ey; its components are x* = 1 —i/(n + 1),
fori = 1,2,...,n. It is easy to show that ||A|> < 4, so that this function is
L-smooth with L = 4.
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If we use x0 = 0 as the starting point and construct the iterate x**1 as

k
A=k Zijf(xj)
j=0

for some coefficients y;, j = 0,1,...,k, an elementary inductive argument
shows that each iterate x* can have nonzero entries only in its first k
components. It follows that for any such algorithm, we have

n n . 2
* * J
I == Y = Y (1—n+1> R )

j=k+1 j=k+1

A little arithmetic (see Exercises) shows that

1
x% — x> > §||x0 — X% k=12, g —1. (4.44)
It can be shown further that
3 n
k >~ 10 XA k=12,...,= 1. 4.45
f&) f_g(k+1)2llx x5, 2ng (4.45)

This lower bound on f(x¥) x* is within a constant factor of the upper bound
(4.38) when we recall that L = 4 for this function.

The restriction k < n/2 in the preceding argument is not fully satisfying.
A more compelling example would show that the lower bound (4.45) holds
for all k.

Notes and References

A description of Chebyshev iterative methods for convex quadratics can be
found in Golub and Van Loan (1996, chapter 10).

The use of ODE methodology to study continuous-time limits of momen-
tum methods dates to the paper of Su et al. (2014). Many other papers that
pursue this line of work have appeared in subsequent years; the following
references give some idea of the scope of this work: Wibisono et al. (2016);
Attouch et al. (2018); Maddison et al. (2018); Shi et al. (2018).

The heavy-ball method was described by Polyak (1964). Nesterov’s method
was described originally in Nesterov (1983). Convergence proofs based on
bounding functions were given in the text (Nesterov, 2004). Our description of
Lyapunov functions follows that of Lessard et al. (2016). The FISTA algorithm
(Beck and Teboulle, 2009) extends a similar approach to problems in which the
objective is a smooth convex function added to a simple (possibly nonsmooth)
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convex function. (We consider functions with this structure further in
Section 9.3.)

A momentum method whose analysis can be performed with geometric
tools is described by Bubeck et al. (2015), and an approach based on “optimal
quadratic averaging” is presented in Drusvyatskiy et al. (2018).

The conjugate gradient method was proposed by Hestenes and Steifel;
their first comprehensive description is in Hestenes and Steifel (1952). There
are many later treatments by other authors (for example, Golub and Van
Loan, 1996). This method has become a workhorse in scientific computing
for solving large systems of linear equations with symmetric positive definite
matrices. Its extension to nonlinear function minimization was first proposed
by Fletcher and Reeves (1964), and many variants followed. More information
can be found in Nocedal and Wright (2006, chapter 5) and its extensive list of
references.

Exercises

1. Define « and B in terms of b, x, and At such that (4.4) corresponds to
(4.3). Repeat the question for the case in which the term dx /dt is
approximated by central differences:

x(t + At) — x(t — Ar)
2At '

2. Minimize a quadratic objective f(x) = %xTAx with some first-order
methods, generating the problems using the following MATLAB code
fragment (or its equivalent in another language) to generate a Hessian
with eigenvalues in the range [m, L].

mu=0.01; L=1; kappa=L/mu;

n=100;

A = randn(n,n); [Q,Rl=qgr(d);

D=rand(n,1); D=10."{D}; Dmin=min(D); Dmax=max (D) ;
D= (D Dmin) / (Dmax Dmin) ;

D = mu + Dx (L mu);

A = Q'xdiag (D) *Q;

epsilon=1.e-6;

kmax=1000;

x0 = randn(n,1); % different x0 for each trial
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Run the code in each case until f(x;) < € for tolerance € = 10 6

Implement the following methods.

« Steepest descent with oy =2/(m + L)

« Steepest descent with oy = 1/L

« Steepest descent with exact line search

« Heavy-ball method, with o = 4/(+/L + /m)? and

B=(VL— Jm)/(NL+ Jm)
« Nesterov’s optimal method, with « = 1/L and
B=(VL— ym)/(NL+ Jm)

(a) Tabulate the average number of iterations required, over 10 random
starts.

(b) Draw a plot of the convergence behavior on a typical run, plotting
iteration number against log;o(f(xx)  f(x*)). (Use the same figure,
with different colors for each algorithm.)

(c) Discuss your results, noting in particular whether the worst-case
convergence analysis is reflected in the practical results.

. Discuss what happens to the codes and algorithms in the previous

question when we reset m to 0 (making f weakly convex). Comment in

particular on what happens when you use the uniform steplength

o = 2/(L + m) in steepest descent. Are these observations consistent

with the convergence theory of Chapter 37

. Consider the function

25x2 x <1
f(x)=1x2+48x 24 1<x<2.
25x2 48x+72 x>2

(a) Prove f is strongly convex with parameter 2 and has L Lipschitz
gradients with L = 50.

(b) What is the global minimizer of f? Justify your answer.

(c) Run the gradient method with steplength 1/50, Nesterov’s method
with steplength 1/50 and 8 = 2/3, and the heavy-ball method with
o = 1/18 and B = 4/9, starting from xo = 3 in each case. Plot the
function value versus the iteration counter for each method. For each
method, also plot the worst-case upper bounds on the function value
as derived for the case in which f is a strongly convex quadratic with
m = 2 and L = 50. Explain how the actual performance relates to
the worst-case upper bound for quadratic functions.

. Prove using Gelfand’s formula (4.18) that (4.19) is true for any € > 0, for

some C¢ > 1.
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Show that the heavy-ball method (4.5) converges at a linear rate on the
convex quadratic (4.8) with eigenvalues (4.9), if we set

WL+ ym? T VI ym
You can follow the proof technique of Section 4.2 to a large extent,
proceeding in the following steps.
(a) Write the algorithm as a linear recursion wktl = Twk for
appropriate choice of matrix 7' and state variables w*.
(b) Use a transformation to express T as a block-diagonal matrix, with
2 x 2 blocks T; on the diagonals, where each 7; depends on a single
eigenvalue A; of Q.
(c) Find the eigenvalues A; 1, A; > of each T} as a function of A;, &, and .
(d) Show that, for the given values of « and B, these eigenvalues are all
complex.
(e) Show that, in fact, |A; 1| = |A; 2| = /B foralli = 1,2,...,n, so that

p(T) = VE~1 k.

. Prove Proposition 4.3 by using (4.7); the definitions k = L/m,

i* =uk = (1/L)V f(y%), and p> = (1 — 1/ \/k); and (4.23).

. Show that if px_; € [0, 1], the quadratic equation (4.33) has a root pi in

[0, 1].

. For the quadratic function of Section 4.6, prove the following bounds:

n (n k3 (n k3
0 x*”%S k *||2> >

3 ez 2 e
(The bound (4.44) follows by setting k = 5 — 1 in this expression and
noting that it is decreasing in k.)

Show that the two formulas in (4.42) for the parameter y% in the
conjugate gradient method are, in fact, equal by making use of the
formulas (4.40) and (4.41).

0 2
[

llx



5
Stochastic Gradient

The stochastic gradient (SG) method is one of the most popular algorithms
in modern data analysis and machine learning. It has a long history, with
variants having been invented and reinvented several times by different
communities, under such names as “least mean squares,” “back propagation,”
“online learning,” and the “randomized Kaczmarz method.” Most attribute
the stochastic gradient approach to Robbins and Monro (1951), who were
interested in devising efficient algorithms for computing random means and
roots of scalar functions for which only noisy values are available. In this
chapter, we explore some of the properties and implementation details of SG.

As in much of this book, our goal is to minimize the multivariate convex
function f: R" — R, which we assume to be smooth for the purposes of
this discussion. Extension of SG to the case of nonsmooth convex functions is
straightforward and left as an Exercise in the chapter on nonsmooth methods.
SG differs from methods of Chapters 3 and 4 in the kind of information that
is available about f. In place of an exact value of V f(x), we assume that we
can compute or acquire a vector g(x,&) € R", which is a function of a random
variable & and x such that

Vf(x) = Ee[gx. )] (5.1)

—

We assume that £ belongs to some space E with probability distribution P,
and E¢ denotes the expectation taken over £ € E according to distribution
P. Equation (5.1) asserts that g(x,&) is an unbiased estimate of V f(x). SG
proceeds by substituting g(x,&) for the true gradient V f in the steepest-

descent update formula, so each iteration is as follows:
=3k gk E5), (5.2)

where the random variable &% is chosen according to the distribution P
(independently of the choices at other iterations) and «x > 0 is the steplength.

75
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The method steps in a direction that in expectation equals the steepest-descent
direction. Although g(x¥,£%) may differ substantially from V f(x¥) — it may
contain a lot of “noise” — it also contains enough “signal” to make progress
toward the optimal value of f over the long term. In typical applications, com-
putation of the gradient estimate g(x*, £¥) is much cheaper than computation
of the true gradient V f (x5).

The choice of steplength oy is critical to the theoretical and practical
behavior of SG. We cannot expect to match the performance of the steepest
descent method, in which we move along the true negative gradient direction

V £ (x*) rather than its noisy approximation g(x* £%). In the steepest
descent method, the fixed steplength o = 1/L (where L is the Lipschitz
constant for V f) yields convergence; see Chapter 3. We can show that this
fixed steplength choice will not yield the same convergence properties in the
stochastic gradient context by considering what happens if we initialize the
method at the minimizer of f that is, x% = x*. Since V f(x*) = 0, there
are no descent directions, and the methods of Chapter 3 will generate a zero
step — as they should, since we are already at a solution. The stochastic gradient
direction g(xo,éo) may, however, be nonzero, causing SG to step away from
the solution (and increase the objective). But we can show that for judicious
choice of the steplength sequence {c}, the sequence {x*} converges to x*, or
at least to a neighborhood of x*, at rates that are typically slower than those
achieved by (true) gradient descent.

5.1 Examples and Motivation

There are many situations in which SG is a powerful tool. Here we discuss a
few motivating examples that drive our subsequent implementation details and
theoretical analyses.

5.1.1 Noisy Gradients

The simplest application of SG is to the case when the gradient estimate g(x, &)
is the true gradient with additive noise; that is,

gx.8) =V fx)+§, (5.3)

where £ is some noise process. The unbiasedness property (5.1) will hold,
provided that E(§) = 0. Our analysis in what follows reveals a protocol for
choosing step sizes oy so that SG (5.2) converges. Formula (5.2) reduces in
this case to
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K =Xk (VR + 85, (5.4)

which is the steepest-descent step with an additive noise term o &,

5.1.2 Incremental Gradient Method

The incremental gradient method, also known as the perceptron or back
propagation, is one of the most common variants of SG. Here we assume that
f has the form of a finite sum; that is,

1 N
fm=ﬁ§ﬁm (5.5)

where N is usually very large. Computing a full gradient V f generally requires
computation of V f;,i = 1,2, ..., N —acomputation that scales proportionally
to N in general. Iteration k of the incremental gradient procedure selects some
index i from {1,2, ..., N} and sets

k+1 k k
=y arV fi, (x").

That is, we choose one of the functions f; and follow its negative gradient.
The standard incremental gradient method chooses iy to cycle through the
components {1,2,...,N} in order; that is, iy = (k mod N) + 1 for k =
0,1,2,....

Alternatively, we could choose iy according to some random procedure
at each iteration, which would be an SG approach. We see this by defining
the random variable space E to be the set of indices {1,2,...,N}, and
the choice of random variable £ is the index iy € {1,2,...,N}, so that
g(xk,ék) =Vf, (x%). Here, the distribution P is such that P (i) = 1/N for all
i =1,2,...,N. The unbiasedness property (5.1) holds, since

| X
Eg(g(x.8)) = I vai(x) =V fX).
i=1

The convergence analysis of this method is straightforward, as we will see.
Surprisingly, analysis of standard incremental gradient, with the cyclic choice
of indices i, is more challenging, and the convergence guarantees are weaker.

5.1.3 Classification and the Perceptron

Classification is a canonical problem in machine learning, as we showed in
Chapter 1. We have data consisting of pairs (a;,y;), with feature vectors
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a; €R" and labels y; € { 1,1} fori = 1,2,...,N. The goal is to find a
vector x € R” such that

xTa; >0fory; =1, xTa; <Ofory =—1.

Any x satisfying these requirements defines a line through the origin with all
positive examples on one side and all negative examples on the other. (Often,
the division is not so clean, in that the data may allow no line to perfectly
separate the two classes, but we can still search for a w that most nearly
achieves this goal.)

A popular algorithm for finding x called the perceptron was invented in the
1950s. It uses one example at a time to generate a sequence {x*}, k = 1,2, ...
from some starting point x°. At iteration k, we choose one of our data pairs
(aiy, yi,) and update according to the formula

nYi diy, ifyik(xk)Taik <1

(5.6)
0 otherwise,

P Y S {
for some positive parameters y and 7. If the current guess x* classifies the pair
(ai,, yi,) incorrectly, then this iteration “nudges” x* to make (x%)7T
to the correct sign. If x* produces correct classification on this example, no
change is made.

This method is an instance of SG. A quick calculation shows that this
procedure is obtained by applying SG to the cost function

a;, closer

N

1 A

N E 1 max (1 yiaiTx,O) + §||x||§, 5.7
=

where £ is the index i of a single term from the summation. In the update
equation (5.6), we have used (5.2) with

NYi, iy, ifyik(xk)Taik <1

(5.8)
0 otherwise,

gk &8 = gk, i) = axk 4 {
and y = o) and n = a. (In machine learning, the steplength is often referred
to as the learning rate.) The cost function (5.7) is often called the support
vector machine (see Section 1.4). In the parlance of our times, the perceptron
is equivalent to “training” a support vector machine using SG.

5.1.4 Empirical Risk Minimization

In machine learning, the support vector machine is one of many instances
of the class of optimization problems called empirical risk minimization
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(ERM). Many classification, regression, and decision tasks can be evaluated
as expected values of error over the distribution from which the data is drawn
or generated. The most common example is known as statistical risk. Given a
data generating distribution P and a loss function £(u,v), we define the risk as

RLf]:=E(x,yy~p L (), )5 (5.9)

that is, the expectation is taken over the data space (x,y) according to
probability distribution P. The function £ measures the cost of assigning the
value f(x) when the quantity to be estimated is y. (Typically, £ becomes
larger when f(x) deviates further from y.) The quantity R is the expected
loss of the decision rule f(x) with respect to the probability distribution P.
The goal of many learning tasks is to choose the function f that minimizes
the risk. For example, the support vector machine uses a “hinge loss” as the
function ¢, which measures the distance between the prediction w” x and the
correct half-space. In regression problems, y is a target variate, and the loss
measures the difference between f(x) and y according to the square function
L),y = 5(f) = )2

Often, minimization (and even evaluation) of the risk function (5.9) is
computationally intractable and requires knowledge of the likelihood and prior
models for the data pairs (x, y). A popular alternative uses samples to provide
an estimate for the true risk. Suppose we have a process that generates indepen-
dent identically distributed (i.i.d.) samples (x1, y1), (x2,y2), . .., (xn, yn) from
the joint distribution p(x,y). For these data points and a fixed decision rule
x(y), we can expect the empirical risk defined by

1 N
Rempl f1:= = 3 £(f (), xi) (5.10)
i=1

to be “close” to the true risk R[ f]. Indeed, Remp[ f]is a random variable equal
to the sample mean of the loss function. If we take the expectation with respect
to our sample set, we have

E[Remp[f]] = R[f]

Given these samples, the empirical risk is no longer a function of the likelihood
and prior models. It yields a simpler optimization problem, in which the
objective is a finite sum of the form (5.5). Minimizing this empirical risk
corresponds to finding the best function f that minimizes the average loss
over our data sample.

SG and ERM are intimately related. One variant of ERM formulates
the problem finitely as (5.10) and then applies the randomized incremental
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gradient approach of Section 5.1.2 to this function. Another variant does not
explicitly take a finite data sample; instead it applies SG directly to (5.9). At
each step, a pair (x, y) is sampled according to the distribution P, and a step is
taken along the negative gradient of loss function £ with respect to f, evaluated
at the point (f(x), y).

The perceptron is a particular instance of ERM, in which we define f(x) =
w’ x (so that f is parametrized by the vector w) and £(f(x),y) = max(l
yX Tw, 0).

5.2 Randomness and Steplength: Insights

Before turning to a rigorous analysis of SG, we give some background and
insight into how to choose the steplength parameters oy, using some simple
but informative examples.

5.2.1 Example: Computing a Mean

Consider applying an incremental gradient method to the scalar function

N
1
F00) =0 ;@ — i), (5.11)
1=
where w;, i = 1,2, ..., N are fixed scalars. This function has the form of the

finite sum (5.5) when we define f;(x) = %(x w;)?, so that
Vix)=x w;.

We start with x” = 0 and, as in standard incremental gradient, step through
the indices in order and use the steplength oy =1/(k + 1). The first few
iterations are

xz—xl—l(xl—a)) la) ~|—la)
= > 2 =3 1 > 2,
1 1 1
x3:x2 g()c2 w3)=§w1+§w2+3w3,
so that
k—1 1 1
k k—1
X =<T)x +zwk=zzwj, k=12 .... (5.12)
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The steplength oy = 1/(k 4+ 1) was the one originally proposed by Robbins
and Monro (1951), and it makes sense for this simple example, as it produces
iterates that are the running average of all the samples w; encountered so far.
This choice of step size has two other important features.

« Even when the gradients g(x;i) = V f;(x) are bounded in norm, the iterates
can traverse an arbitrary distance across the search space, because
Y ie o 1/(k + 1) = co. Thus, convergence can be obtained even when the
starting point x° is arbitrarily far from the solution x*.

« The steplengths shrink to zero, so that when the iterates reach a
neighborhood of the solution x*, they tend to stay there, even though the
search directions g(x; &) contain noise.

For this simple example, the global minimum of f is found after N steps of
the cyclic, incremental method; there is no need for randomness. In fact, when
we choose the component function f;, randomly, we are unlikely to converge
to the minimizer of (5.11) in a finite number of iterations. However, there are
other instances of finite sum objectives in which randomness produces much
better performance than cyclic schemes, as we see in the next section.

Let us consider now a “continuous” version of (5.11):

f() = 1B, (x —w)?, (5.13)

where w is some random variable with mean 1 and variance o2. At step j of
SG, we select some value w;11 from the distribution of w, independently of
the choices of w that were made at previous iterations. We take a step of length
1/(j +1) in direction xd— wj41. After k steps, starting from x% = 0, we have,
as before, that x* satisfies (5.12). By plugging this value into (5.13) and taking

the expectation over w and all the random variables w1, w», . . . ,wk, we obtain
1 1 & ’ 1 1
k 2 2
FG& = JBoon oo | | 1 ,Z_;wj o] | =507 +50% (14

In this simple case, too, we can compute the minimizer of (5.13) exactly. We
have

) = 1EW? = 20x + 0] = 1x% — px + 102 + L2,

Thus, the minimizer of f is x* = w, with f(x*) = %02. By comparing this
value with (5.14), we have

FeH et =50t
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Statistically speaking, it can be shown that x¥ is the highest-quality estimate
that can be attained for x* given the sequence {wy,wo, ..., wy}. Interestingly,
SG, which considers the samples w;; one at a time and makes a step
after each iteration, is able to achieve the same quality as an estimator that
makes use of the complete set of data {wy,wy, ...,wx} at once. Even so, the
convergence rate for this best-possible performance is sublinear: The sequence
of differences between function values and their optimum { f (x*)y  £*} shrinks
like 1/k, rather than decreasing exponentially to zero. This rate demonstrates
a fundamental limitation of SG: Linear convergence cannot be expected in
general. Statistics, not computation or algorithm design, stands in the way of
linear convergence rates.

5.2.2 The Randomized Kaczmarz Method

The potential benefits of randomness can be seen when we consider a special
case of the following linear least squares problem:

N
min F(r) = —— <aTx b->2 (5.15)
= i ] 3 .
ZN i=1
where |la;|| = 1,7 = 1,2,...,N. Assume that there exists an x* such that
aiTx* = b; fori = 1,2,...,N. This point will be a minimizer of f, with

f (™) = 0. SG with steplength oy = 1 known as the randomized Kaczmarz
method yields the recursion

=3k gy (ai:xk b,-k> =xk aikag,:(xk x*).

Aggregating the effects of the first k iterations, we obtain

k
PR (I aikaii) (xk x*) = l—[ (I aija5> (xo x*).
j=0

Iteration k is a projection of the current iterate x onto the plane defined by
17; x = b;,. If two successive subspaces are close to one another, then xktl
and x¥ are close together, and we do not make much progress toward x*.
The following example describes a set of vectors {aj,as, ...,ayn} such that
the deterministic, cyclic choice of indices iy = (k mod N) + 1 yields slow
progress, while much faster convergence is attained by making random choices
ofiy € (1,2,...,N} for each k.

For N > 3, set wy := /N and define the vectors a; as follows:

a

_ | cos(ion)

a,-—[ .. :|, i=12,...,N. (5.16)
sin (iwy)
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Define b; = 0,i = 1,2, ..., N, so that the solution of (5.15) is x* = 0. We
have that ||g;|| = 1 for all i and, in addition, that {a;,a;+1) = cos(wy) for
1<i <N 1. The matrices M; :=1 aiaiT are positive semidefinite for all
i, and the following identity is satisfied:

N
1 1
E,~(M,-)=N§ ' M; =51 (5.17)
i=1

Any set of unit vectors satisfying (5.17) is called a normalized tight frame, and
the vectors (5.16) form a harmonic frame due to their trigonometric origin.

Consider the randomized version of the Kaczmarz method in which we
select the vector g;, with equal likelihood from among {aj,as, ...,an}, with
the choice made independently at each iteration. The expected decrease in error
over iteration k, conditional on the value of x¥, is

E;, (FH — x| xk) = (]Eik(l - a,-ka;)) @k —x*) =Lk — 2%, (5.18)

where we used (5.17) to obtain the fraction of 1/2. The following argument
shows exponential decrease of the expected error with rate (1/2) per iteration:

k—1
EGE 2% =B, [ [ M0 x)
j=0

k—1
[1E; M) | ° x

J=0

= [B,mi)]" (0 ) =275 .

(The critical step of taking the expectation inside the product is possible
because of independence of the ij, j =0,1,...,k — 1.

The behavior of randomized Kaczmarz is shown in the right diagram in
Figure 5.1, with the path traced by the iterations shown as a dotted line.

Why do we attain linear convergence for the randomized method, when the
example of computing means in Section 5.2.1 attained only a sublinear rate?
The answer is that this problem is rather special, in that the solution x* is a
fixed point of both a gradient map and a stochastic gradient step. That is, both
V f(x) and V f; (x) approach zero as x — x™*, foralli = 1,2,...,N. For the
same reason, we were able to use a large fixed steplength «; = 1 rather than
the usual decreasing steplength.

The fact that the vectors a;, are selected randomly for k = 0,1,2, ... is also
critical to the fast convergence. If we use the deterministic order iy = k + 1,
k=0,1,2,...,N 1, the convergence analysis is quite different. Define the
vectors
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Figure 5 1 Kaczmarz method Deterministic, ordered choice (left) leads to slow
convergence; randomized Kaczmarz (right) converges faster.

. sin( fwy)
aj = . ;
cos( iwy)
and note that M; = I—a;a,-r =aja; . Since (a;,di+1) = cos(wy ), it follows that
k k—1
A AT SN A AT k—1
HM; = axa; l_[(ﬂj,ﬂj+l) = aga, cos" ' (wy).
i=1 j=1

We therefore have

k

|k x|l = H (1 a;-aF-T) (xﬂ x*) = cos" ! (wy) ‘&;‘r (xu x"‘) ‘

i=l1

T

For x? = (0,1)7, we have a (x°

x*) = |x%  x*||, s0

Eo "l =cos( /N x®  x*|, k=0,1,2,....N.

llx
This indicates linear convergence, at a rate of cos(—n/N) = 1 — (1/2)(m/N)?
per iteration — a much slower rate than the linear rate of 1/2 achieved in
the randomized case. (Note, however, that the analysis for the cyclic case is
deterministic, whereas the faster convergence rate in the stochastic case is for
the excepted error.)
The deterministic variant is plotted in the left diagram of Figure 5.1,
showing a slow spiral toward the solution.



5.3 Key Assumptions for Convergence Analysis 85

5.3 Key Assumptions for Convergence Analysis

We now turn to convergence analysis of SG, applied to the convex function
f: R" — R, with steps of the form (5.2) and search directions g(x,§)
satisfying condition (5.1). To prove convergence, we need to assume some
bounds on the sizes of the gradient estimates g(x,&) so that the information
they contain is not swamped by noise. We assume that there are nonnegative
constants L, and B such that

Eg [||g(x;§)||§] <L2x x>+ B> forallx. (5.19)

Note that this assumption may be satisfied even when g (x; &) is arbitrarily large
for some combination of x and &; formula (5.19) requires only boundedness in
expectation over & for each x. (Section 5.3.3 contains an example in which &
is unbounded but (5.19) still holds for suitable choices of L, and B.)

Note that when L, = 0 in (5.19), f cannot be strongly convex over
an unbounded domain. If f were strongly convex function with modulus of
convexity m, we would have

m *
IVl = Ellx —x"l
for all x. On the other hand, we have, by Jensen’s inequality, that

IVFI? = IEg(x: I < Elllg(x:£)12].

These two bounds together imply that it is not possible to find a B for which
(5.19) holds with L, = 0 if the domain of f is unbounded.

When f has the finite-sum form (5.5) and we have V f;, (x%) as the gradient
estimate at iterate x*, where ix chosen uniformly at random from {1,2, ..., N},
as in Section 5.1.2, the bound (5.19) specializes to

N

1

NZHVf,-(x)HszEHx x*|?> + B> forall x. (5.20)
i=1

The steplengths oy in the stochastic gradient iteration formula (5.2) typi
cally depend on the constants L, and B in (5.19). Throughout, we will assume
that the sequence {Sk }k=0,1,2,... needed to generate the gradient approximations
g(x* &%) is selected i.i.d. from a fixed distribution. (It is possible to weaken the
i.i.d. assumptions, but we do not consider such extensions here.)

We now examine how the constants L, and B appear in different problem
settings, including those described in earlier sections.
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5.3.1 Case 1: Bounded Gradients: L, =0

Suppose that the stochastic gradient function g(-;-) is bounded almost surely
for all x — that is, Ly, = 0 in (5.19). This is true for the logistic regression
objective

N

fx) = %; yixTa; +log(1 + exp(x” a;)), (5.21)

where the data are (a;,y;) with y; € {0,1},i = 1,2,...,N. Following the
finite-sum setting (5.5), the random variable £ is drawn uniformly from the set
{1,2,...,N}, and

exp(x”a;) >a,
’

g(x;1) =< Yi +m

Thus, (5.19) holds with L, = 0 and B = sup,_; , y llaill2.

5.3.2 Case 2: Randomized Kaczmarz: B =0,L, > 0

Consider the least-squares objective (5.15), where we assume that @; # 0 but
not necessarily ||a; || = 1 for each i. Assume that there is x* for which f(x*) =
0 that is, aiTx* = p; foralli = 1,2,..., N. By substituting into (5.15), we
obtain

N
f) = % Yo ' aal o x),

i=1
and with the random variable £ being drawn uniformly from {1,2,...,N},
we have

g(x;i) = a,-al-T(x x*).
For the expected norm, we have
ElllgGe:IX1 = Elllail*la) & )P <Ellal*llx - 2*I2,

so that (5.19) can be satisfied by setting L, = E[l|a; 141'/2 and B = 0.

5.3.3 Case 3: Additive Gaussian Noise

Consider the additive noise model (5.3) where & is, from the Gaussian
distribution with mean zero and covariance, o 21 that is, EeN (0,021 ). We
have E[g(x;&)] = Vf(x) and
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E[llg(x; 71 = VLI + 2V () TEE) + E(IEND = IV f ()1 + no’.
(5.22)

We can satisfy (5.19) by setting B = o /n and defining L, to the Lipschitz
constant L of the gradient of f (because |V f(x)||> = |[Vf(x) V f(x")]? <
L2lx - x*|).

5.3.4 Case 4: Incremental Gradient

Consider the finite-sum formulation (5.5) in which the gradient V f; of
each term in the sum has Lipschitz constant L;. As in Section 5.1.2, the
distribution for the random variable § is discrete with N equally likely choices
corresponding to the indices i = 1,2, ..., N of the terms in the sum. For the
ith term f;(x), we define x*' to be any point for which V f; (x*) = 0. We then
have

Eelllg(x; €)1 = B[V fi (0)[I1*]
< E[L}||lx — x*|*]
< E[2L,2||x |2 4 2L2 | x*||2]

2 2 & .
=52 Lk AP+ S LR xR
i=1 i=1

where we used the bound ||a + b||? < 2||a||® + 2||b||%. Thus, (5.19) holds if we
define

2 & 2 &
2 § 2 2 E 2 i 2
Lg = ﬁ Li’ B = ﬁ Li ”)C*l X*” .
i=1 i=l1

There is nice intuition for this choice of B. If x* = x* for all i, then B = 0,
as in the case of the randomized Kaczmarz method (Section 5.3.2).

5.4 Convergence Analysis

Our convergence results track the decrease in certain measures of error as
a function of iteration count. These measures are of two types. The first is
an expected squared error in the point x — that is, E [||x — x*||2], where x*
is the solution and the expectation is taken over all the random variables £*
encountered to that point of the algorithm. This measure is most appropriate
when the objective f is strongly convex, so that the solution x* is uniquely
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defined. The second measure of optimality is the gap between the current
objective value and the optimal value — thatis f(x) f*, where f* is the value
of the objective at any solution x*. This measure can be used when f is convex
but not necessarily strongly convex (so the solution may not be unique). In the
strongly convex case, each of these two measures can be bounded in terms of
the other, with the bound depending on the Lipschitz constant for V f and the
modulus of convexity m.

We see that the suitable choices of steplengths ay in (5.2) depend on L and
B, and that the convergence rates also depend on these two quantities.

Using the formula (5.2) for updating the iterate, we expand the distance to
any solution x*, as follows:

[ e P S I
= P 200 (89 ) +agllg (gD
(5.23)

We deal with each term in this expansion separately. We take the expectation
of both sides with respect to all the random variables encountered by the
algorithm up to and including iteration k, namely io, iy, ...,ix. By applying
the law of iterated expectation and noting that xk depends on & 0 & 1 ,sk’l
but not on & k we obtain

E[(g(x*;85), 0% x*)]

B[Eal(gtrhigh ot ) (6% .. 6571]]
B[(Balg(hi69 1 €060 6Lk )]
E

[(Vf(xk),xk x*)] .

In the last step of this derivation, we used the fact that g(xk; gk depends on
£% while x* does not, so we took the expectation of g(x*;£X) explicitly with
respect to £k, to obtain V f (xX).

By a similar argument, we can bound the last term in (5.23) by using (5.19):

Blllg(*s €913 = B [Bgelllg(rhs €913 1 €%, ... 65711]
<E[L;|Ix" — x*|l5 + B°].

By defining the squared expected error as

Ak = E[|IxF — x*)12], (5.24)
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we obtain by taking expectations of both sides of (5.23) and substituting these
relationships that

Aper < (1 +RLY AL 2akE[(Vf(xk),xk x*)]+a,§B2. (5.25)

Our results follow from different manipulations of (5.25) for different
settings of L, and B. We proceed through several cases.

54.1 Casel: L, =0

When L, = 0, the expression (5.25) reduces to
A1 < Ay 204E [(Vf(xk),xk x*)] + 2B (5.26)

Define A; to be the sum of all steplengths up to and including iteration &,
and x* to be the average of all iterates so far, weighted by the steplengths o IB
that is,

k k
Ak = Zaj, xk = Ay ! Zajxj. (5.27)
Jj=0 =0

(We also made use of averaged iterates in the analysis of mirror descent in
Section 3.7.) We analyze the deviation of f(xx) from optimality. Given the
initial point x° and any solution x*, we define Dy := [|x® — x*| to be the
initial squared error. (Note from (5.24) that Ag = D%.) After T iterations, we
have the following estimate for x”:

T
BrGT) fO<E At Ya ) et (5.288)
=0
T
<" Y @BV )l 1) (5.28b)
j=0
T
<iz! Z [%(Aj Ajp1) + %a532] (5.28¢)
j=0

T
I _
EA'TI A() AT+] +322053
j=0

2 g2yl 2

Dy+B° 3 0«;

= :
2Zj=0aj

IA

(5.28d)
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Here, (5.28a) follows from convexity of f and the definition of x”; (5.28b)
again uses convexity of f; and (5.28c) follows from (5.26).

With the bound (5.28d) in hand, we can prove the following result for the
case of fixed steplengths: oy = « > 0 for all k.

Proposition 5.1 (Nemirovski et al., 2009) Suppose we run SG on a convex
function f with Ly = 0 for T steps with fixed steplength a > 0. Define

Qopt = ——F——= and 0 :=

Then we have the bound

T * 1 1,-1\ BDo
BlFGT)  f*< (b0 + 10 )V?TT

Proof The proof follows directly when we set aj = a = Qaopy = 0 Bj)—;iﬂ in
(5.28d). We have

E [f (xT) - f*] - D8 J;(izfl;;l)az = (%9—1 + %9) —fTD%.

(5.29)

]

The tightest bound is attained when 6 = 1; that is, & = ogp. The bound
degrades approximately linearly in the error factor in our choice of «. That
is, if our « differs by a factor of 2 (in either direction) from cp, the bound
is worse by a factor of approximately 2. This means that to achieve the same
bound as with the optimal step size, we need to take about four times as many
iterations because the bound also depends on the iteration counter 7 through a
factor of approximately 1/ /T

Other steplength schemes could also be selected here, including choices of
oy that decrease with k. But the fixed steplength is optimal for an upper bound
of this type.

54.2 Case2: B =0

When B = 0, we obtain a linear rate of convergence in the expected-error
measure Aj. The expression (5.25) simplifies in this case to

Apsr = (1 + LY A 2akE[(Vf(xk),xk x*)]. (5.30)

Supposing that f is strongly convex, with modulus of convexity m > 0, we
have that

(Vf(x),x —x*) > mllx — x*|% (5.31)
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By substituting into (5.30), we obtain
Ayt < (1 2moy + Liod) Ay (5.32)

By choosing a fixed steplength o = « for any « in the range (0,2m/ Lz,),
we obtain a linear rate of convergence. The optimal choice of « is the one
that minimizes the factor (1  2ma + L§a2) in the right hand side of (5.32);
that is, o = m/Lz,. For this choice, we obtain from (5.32) that A;+1 < (1
m2/Lf,)Ak, k=0,1,2,...,sothat

2 k

m 2

A <|1-— 1z Dy. (5.33)
g

We can use this expression to bound the number of iterations 7 required to

guarantee that the expected error E [||xT —x* ||2] = A7 falls below a specified

threshold € > 0. By applying the technique in Section A.2 to (5.33), we

find that
L2 D2
T = ’7—5 log (—0>—‘ .
m €

Special Case: The Kaczmarz Method. For problems with additional struc-
ture, we can obtain even faster rates of convergence. In particular, faster rates
are achievable for the randomized Kaczmarz method where we specialize
our analysis to overdetermined least-squares problems (5.15). Recall that we
assume that each vector @; has unit norm and that there exists an x* (possibly
nonunique) such that aiT x* = b; for all i. Consider the stochastic gradient
method with steplength 1:

k+1 k T k
xh=xt o ap(apxt o by,

where iy is chosen uniformly at random each iteration. We have

2
k+1 2 k T .k
x5 x*)? = Hx aj (a; X" by) x*

k 2 T, . k T k T k 2
=|lx ¥ 2 (aik (x x*)(aikx bik)>+(aikx bi,)
k 2 T k 2
=[x xFIT (@ xt b)Y

where we used al.i @k x* = at?,; x*  b;,. Let A be the matrix whose rows
are the vectors a;, and let Apyin, n, denote the minimum nonzero eigenvalue of
AT A. We choose x* to be the specific point that minimizes lxk — x*|| among
all points satisfying Ax* = b (see Section A.7). By taking expectations, we
obtain for this value of x* that



92 5 Stochastic Gradient

Bl R <t w1 By [kt by
1
e LA R Ve T b
n

)\’ .
< (1 “‘) [ o
n

Defining Dy := miny . ox=p lx*  x||2, we have, from D4y < ||x¥t1 x*||2
and Dy = ||x¥  x*||? (because of the way that x* is defined earlier), that

)“ .
E[Di41] < E X x¥)? < (1 —‘“) E [Dy].
n

This is a faster rate of convergence than the one we derived for the general case
where B = 0.

5.4.3 Case 3: B and L, Both Nonzero

In the general case in which both B and L, are nonzero but f is strongly
convex, we have, by using (5.31) in (5.25), that

Ayt = (1 2moy + o L)) Ay + o B>, (5.34)

Fixed Steplength. First, consider the case of a fixed steplength. Assuming
that o € (0,2m/ Lé), we can roll out the recursion (5.34) to obtain

aB?

A< (I 2ma+o’Ly) D + e
8

(5.35)
No matter how many iterations k are taken, the bound on the right-hand side
never falls below the threshold value

a B?

_ 5.36
2m — (ng, ( )

This behavior can be observed in practice. The iterates converge to a ball
around the optimal solution, whose radius is bounded by (5.36), but from that
point forward, they bounce around inside this ball. We can reduce the radius of
the ball by decreasing «, but this strategy has the effect of slowing the linear
rate of convergence indicated by the first term in the right-hand side of (5.35):
The quantity 1 — 2mo + a2L§, moves closer to 1.

One way to balance these two effects is to make use of epochs, as we discuss
in Section 5.5.1.
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Decreasing Steplength. The scheme just described suggests another
approach, one in which we decrease the steplength o at a rate approximately
proportional to 1/k. (The epoch-doubling scheme of Section 5.5.1 is a
piecewise constant approximation to this strategy. At the last iterate of epoch S,
we will have taken about (25  1)7 total iterations, and the current steplength
will be o /2571
Suppose we choose the steplength to satisfy
ag = Y )
ko +k

where y and ko are constants (hyperparameters) to be determined. We will
show that suitable choices of these constants lead to an error bound of the
form

Ap < 0
ko +k

for some Q. The following proposition can be proved by induction.

Proposition 5.2 Suppose f is strongly convex with modulus of convexity m.
If we run SG with steplength

1

=—— — k=012 ...,
2m(L2/2m? + k)

Ak

then we have, for some numerical constant c,

C032

E k *12 < ,
[l 7 = 2m(L2/2m® + k)

k=0,1,2,....

5.5 Implementation Aspects

We mention here several techniques that are important elements of many
practical implementations of SG.

5.5.1 Epochs

As mentioned in Section 5.4.3, epochs are a central concept in SG. In an epoch,
some number of iterations are run, and then a choice is made about whether
to change the steplength. A common strategy is to run with a fixed step size
for some specified number of iterations 7 and then reduce the steplength by
a factor y € (0,1). Thus, if our initial steplength is «, on the kth epoch, the
steplength is ay* !. This method is often more robust in practice than the
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diminishing steplength rule. For this steplength rule, a reasonable heuristic is
to choose y in the range [0.8,0.9]. (Tuning of “hyperparameters” such as y
and the lengths of the epochs is one of the most important issues in practical
implementation of SG.)

Another popular rule is called epoch doubling. In this scheme, we run for
T steps with steplength «, then run 27T steps with steplength «/2, and then
4T, steps with steplength «/4 and so on. Note that this scheme provides a
piecewise constant approximation to the function «/ k.

5.5.2 Minibatching

When applying SG to the finite sum objective (5.5), steps are often not based
just on the gradient on a single term in this sum but rather on a minibatch of
terms, usually of a given size (say p). That is, at iteration k, we select a subset
S C {1,2,...,n}, with |S;| = p, and set

KK = xk ozkl Z Vf,-(xk).
ieSy

If the subset S is chosen uniformly at random among the set of all subsets of
size p from {1,2,...,n} and is i.i.d. across the iterations k, the convergence
theory outlined before can be applied. The idea is that the minibatch has lower
variance as an estimate of V f(x¥) than does the estimate based on a single
term, namely V f;, (x¥), so more rapid convergence can be expected. Of course,
it is also typically p times more expensive to obtain this estimate! Still, when
we account for the cost of performing the update to the vector x and possibly
communicating this update to the nodes in a parallel processing architecture,
the minibatching approach makes sense. It is used almost universally in
practical implementations of SG. The choice of minibatch size p is another
“hyperparameter” that can influence significantly the practical performance of
the approach.

5.5.3 Acceleration Using Momentum

A popular variant of SG makes use of momentum, replacing the basic step (5.2)
with one of the form

= oh g RN + B . (5.37)

The inspiration for this approach comes, of course, from the accelerated
gradient methods of Chapter 4. In practice, these variants are highly successful,
with popular choices for B often falling in the range [0.8,0.95].
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In the case when B =0, as in the randomized Kaczmarz method, the
use of momentum can yield speedups comparable to those seen in the
accelerated gradient methods of Chapter 4. The overhead of computing and
maintaining the momentum term can cancel out the gains in speedup. (See
further discussion in this chapter’s Notes and References.)

In the general case, the theoretical guarantees for momentum methods
demonstrate only meager gains over standard SG. Essentially, we know that
the function value will converge at a rate of 1/k, but for certain instances, one
can reduce the constant in front of the 1/k using momentum or acceleration.
Regardless of the theoretical guarantees, one should always keep in mind that
momentum can provide significant practical accelerations, and it should be
considered an option in any implementation of SG.

Notes and References

The foundational paper for SG is by Robbins and Monro (1951). As we men-
tioned, similar ideas were proposed independently in other contexts. Among
these, we can count Rosenblatt’s perceptron (Rosenblatt, 1958), discussed
in Section 5.1.3. Application of SG to problems in machine learning were
described by first by Zhang (2004) and later by the authors of the Pegasos paper
(Shalev-Shwartz et al., 2011), who described a minibatched SG approach for
linear SVM.

Analysis of SG for the case of L = 0, for both weakly and strongly convex
cases, appears in Nemirovski et al. (2009). (This paper did much to popularize
the SG approach in the optimization community.)

The algorithm of Kaczmarz (1937) was used as the standard method in
image reconstruction from tomographic data for many years. The description
of a randomized variant by Strohmer and Vershynin (2009) generated a new
wave of interest in the approach, leading to the development of many new
variants with interesting properties.

The ideas behind empirical risk minimization for learning were described
by Vapnik (1992) and in a classic text by the same author (Vapnik, 2013).

Incremental gradient was described in the context of least squares by
Bertsekas (1997), who also wrote a survey (in a more general context) in
Bertsekas (2011). Another interesting contribution on this topic is by Blatt
et al. (2007).

The past few years have seen a number of principled approaches emerge for
using acceleration in conjunction with stochastic gradient. Accelerated SG has
been described for least squares in Jain et al. (2018). A general (but complex)
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approach called Katyusha is described by Allen-Zhu (2017). (A convergence
analysis of Katyusha and other SG methods based on dissipativity theory and
semindefinite programs appears in Hu et al., 2018.)

Another set of techniques that has been explored to enhance the perfor-
mance of SG in the finite-sum setting involves hybridization of SG with
steepest descent. For example, the SVRG method (Johnson and Zhang, 2013)
occasionally calculates a full gradient, and moves along directions in which
this gradient is gradually modified by using gradient information from a single
function in the finite sum, evaluated at the latest iterate. Other methods in this
vein include SAG (Le Roux et al., 2012) and SAGA (Defazio et al., 2014).

Exercises

1. Consider the kth iteration (5.12) of the cyclic incremental gradient
method applied to the function (5.11). Show that the minimizer is found
after exactly N steps (that is, x¥ = x*) and that f(x*) is one half of the

variance of the set {w,w», ...,wnN}.
2. Verify the formula (5.14), given that the mean of the random variable w is
u and its variance is o2 (The random variables w;, i = 1,2, ...,k follow

the same distribution, and all the random variables in this expression are
independent.)

3. We showed that the unregularized support vector machine (5.21) admits a
bound of the form (5.19) with L, = 0. Find values of Ly and B such that
the regularized support vector machine (5.7) (with g(wk, &Ky defined by
(5.8)) satisfies (5.19). (Hint: Use the inequality
la +bI1* < 2llall* +2]1]1%)

4. (a) Consider the finite-sum objective (5.5) with additive Gaussian noise

model on the component functions f;; that is,

[Vl =[Vf (), +e;j, foralli=1,2,...,Nand j=1,2,...,n,

where €;; ~ N(O,crz) for all i, j. Show that when we estimate the
gradient using a minibatch S C {1,2, ..., N}, that is,

1
= — Y Vi)
8 |S|ie$ fi(x)

then we have

_ 2y _ " 2y _ 2, " 2
Bllg = V@I = gro®s Blgl®) = IVF@IP + 0™
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(b) Consider a minibatch strategy for the additive Gaussian noise model
(5.3) for the general formulation (5.1). That is, the gradient
estimate is

] N
gk E) = VI + ) ),

j=1

where each £; is i.i.d. with distribution N(O,crzl), and s > 1. Show
that

Ee 6 & (IgGiénbn .. E)1D) = IV LI + ’;’oz.

5. A popular heuristic in training neural networks is called dropout.
Suppose we are running stochastic gradient descent on a function on R”.
In each iteration of stochastic gradient descent, a subset § C {1,2,...,n}
of variables is chosen at random. A stochastic gradient is computed with
those coordinates in S set to 0. Then only the coordinates in the
complement S¢ are updated. Suppose we are minimizing the
least-squares cost

LN
fo0 =75 ;(afx bi)’.

Find a function f (x) such that each iteration of dropout SGD
corresponds to taking a valid step of the incremental gradient method
applied to f . Qualitatively, how does changing the cardinality S change
the solution to which dropout SGD converges?

6. Let f(x) = E[F(x;&)] be a strongly convex function with parameter m.
Assume that

E[IVF(x:€)|*] < Lillx — x*||* + B>

where x* denotes the minimizer of f, and L ¢ and B are constants.
Suppose we run the stochastic gradient method on f by sampling £ and
taking steps along V F'(x; &) using an epoch doubling approach. That is,
we run for T steps with steplength «, and then 2T steps with steplength
«/2, and then 4T steps with steplength «/4, and so on. Let X, be the
average of all of the iterates in the #th epoch. How many epochs are
required to guarantee that E[|lx, x* %] < €?

7. Let f: R" — R be a strongly convex function with L-Lipschitz gradients
and strong convexity parameter m. Consider an algorithm that performs
exact line searches along random search directions. Each iterate uses the
following scheme to move from current iterate x to the next iterate x ™.
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10.

5 Stochastic Gradient

(a) Choose a direction v randomly from N (0, o2l ) (independently of the
search directions at all previous iterations).

(b) Set fiyin = argmin; f(x + tv).

(c) Setxt = x + tminv.

Prove that E[ f (xT) — f(x*)] < e, provided
CnL ( f(x%)

T > log
m €

f (x*)>
for some constant C. What is the most appropriate value for C? (Hint:
Use Lemma 2.2 to deduce that
T Loy 2
fx+tv) < f(x)+1v Vfx) + 7! vll”.

Use that if v ~ N(O,azl), then for any component v; of v,
j=1,2,...,n, we have B, v§/||v||2 = 1/n. Also use the bound (3.10).)

. Consider applying stochastic gradient with fixed steplength o € (0, 1) to

(5.11), so that each iteration has the form

k

X =X o(x i)

for i; drawn uniformly at random from {1,2, ..., N}. Assuming that the
initial point is x = 0, write down an explicit expression for x*, and find

Eio,il,...,ik 1(xk)'

. Let f: R" — R be a convex, differentiable function, and let g(x,&) be a

continuous function, satisfying (5.1), where & is a random variable from
set & with distribution P. Consider a projected SG approach on a
compact convex set €2, whose iterates are defined as

K = Py (xk ozg(xk,ék)), k=0,12,...,

where £X is chosen randomly with distribution P and « is a fixed step
size. Defining ¥7 := Z¢T=0 x' /(T + 1) (consistently with (5.27)), prove
that this algorithm converges at the following rate:
c
E r min < —,
fT) minf@) < e
where c is a problem-specific constant.
Consider the convex quadratic function defined in (5.11), where x € R"
and w; € R",i =1,2,...,N. The vectors w; have the following
additional properties:

N
Z‘“i =0, |lwill=1, foralli=12,...,N.
i=1
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Consider the SG iteration defined by xktl = xk o (xk w;, ), where iy

is selected i.i.d. uniformly from {1,2, ..., N}, for some steplength

ax > 0, where x? is any initial point.

(a) Show that the minimizer of f is x* = 0.

(b) Express the conditional expectation E;, (15112 | x%) in terms of
Ik and ay.

(c) By applying the bound in (b) recursively and using the notation
Ak = E(||xX 1), find a bound for Ag for any K =1,2,... in

terms of Ag = ||)c0||2 and «g, o1, . ..,0g—_1, where E denotes the
expectation with respect to all random variables i, 1,12, . . .. (Hint:
Derive the formula for the first few values of K — that is,
A1,Az,Az... —until you see the patterm emerge.)

(d) Simplify the bound in (c) for the case in which all steplengths are the
same — thatis, oy = « forall k =0,1,2, .. ..

(e) Do you expect the iterates {x¥} generated from the fixed-steplength
variant in (d) to converge to the solution x* = 0? Do you expect them
to converge to a ball around the solution? If so, what is the
approximate radius of this ball?

(f) Consider choosing the steplengths oy = 1/(k +2),k =0,1,2,....
From your answer in part (c), can you say that E(|[xX %) — 0 as
K — oo for this choice of steplengths? Explain.
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Coordinate Descent

Coordinate descent (CD) methods minimize a multivariate function by chang-
ing one of the variables (or sometimes a “block™ of variables) to decrease the
objective function while holding the others fixed. Such methods have a certain
intuitive appeal, as they replace the multivariate optimization problem by a
sequence of scalar (or lower-dimensional) problems, for which steps can be
taken more cheaply. There are many variants and extensions of the basic CD
approach that have gone in and out of style over the years. The latest wave of
interest is driven largely by the usefulness of CD methods in machine learning
and data analysis problems.

To describe the approach, we focus on the basic method in which a single
coordinate is chosen for updating at each iteration of coordinate descent. When
applied to a function f: R” — R, the kth iteration chooses some index iy €
{1,2,...,n} and takes a step of the form

KD xK + vkeiy, (6.1)

where ¢;, is the iy unit vector and yi is the step. In one variant of CD
(also known as the Gauss Seidel method), yi is chosen to minimize f along
direction e;;;:

yi i= argmin faE +ye).

More practical variants do not minimize exactly along the coordinate directions
but rather choose y to be a negative multiple of the partial derivative 0f/dx;,
(also denoted by V;, f):

Lk — o vy, F (e, (6.2)

for some «; > 0. Different variants of CD are distinguished by different
techniques for choosing iy and o . In this chapter, we focus mainly on methods

100
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of type (6.2) with fixed values of o that are defined in terms of Lipschitz
constants for the gradients, as for the full gradient methods of Section 3.2.

Section 6.1 illustrates two important optimization formulations in machine
learning in which the per-iteration cost of CD is much lower (possibly by a
factor of n) than the per-iteration cost of a full gradient method, making CD
an potentially competitive approach. In Section 6.2, we describe complexity
results for CD applied to convex functions for two variants of CD. The worst
case analysis for one of these approaches the one in which the index i
is chosen randomly and independently of previous iterations for all k& can
be stronger than that of full gradient descent, when factor of n per-iteration
savings are realized for CD iterations. (Section 9.4 extends the result for
randomized CD to functions that are strongly convex and that contain separable
convex regularization terms.) Practical variants of CD often take steps in blocks
of variables at a time rather than in a single variable. The analysis of such cases
is not vastly different from single-variable CD, and we discuss these block-CD
variants in Section 6.3.

6.1 Coordinate Descent in Machine Learning

In deciding whether CD is a plausible approach for minimizing f, relative
to such alternatives as the gradient methods of Chapters 3 and 4, we need to
consider how the properties and structure of f impact the economics of the
approach. Since CD typically requires more steps than full gradient methods,
they make sense only if the cost of computing them is correspondingly lower.
That is, the cost of computing partial gradient information needs to be cheaper
than computing the full gradient, and the computation and bookkeeping
required to take the step also should be relatively inexpensive. We describe
two examples from machine learning in which these properties hold, making
them good candidates for CD.

Coordinate Descent for Empirical Risk Minimization. Consider the objec-
tive that arises in regularized regression, classification, and ERM problems:

1 N n
f =~ ;@-(A,-.x) + A ; Qi (x1),

where each ¢; is a convex loss, A ;. denotes the jth row of the N x n matrix A,
the functions ©2;,i = 1,2, ...,n are convex regularization functions, and > > 0
is a regularization parameter. (We assume for the present that the functions ¢;
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and €; are all differentiable) Although computing the ith component of the
gradient (V; f) is expensive, it is easy to store and update information to lower
this cost greatly. The trick is to store the vector g = Ax for the current x, along
with the scalars Vo ;(g;), j = 1,2,...,N. We then have

N
1
Vif() =+ Z AjiV$;(g)) + AV (x),
j=1
where A; ; denotes the (j,i) element of the matrix A. Note that the terms in
the summation need be evaluated only for those indices j for which Aj ; is
nonzero; that is,

Vifx) = % ' D AjiVei(g) +AVQ(x).
J:Aji#0

This computation costs O(|A.;|) operations, where A.; is the ith column of
A. (The number of operations required to compute the full gradient would be
proportional to the number of nonzeros in the full matrix A.) Additionally,
the cost of updating the quantities g; := Aj.x and V¢;(g;), j = 1,2,...,N
following a step y; along the coordinate direction x; is also reasonable. The
update formulas for the components of g are

gji<gi+Ajivi. j=12...,N,

so it is necessary to update only those g; (and V¢ ;(g;)) for which A ; # 0 -
a total workload of O(]A.;|) operations. Considering all possible choices of
components i = 1,2, ...,n, we see that the expected cost per iteration of C D
is about O(|A|/n), where |A| is the number of nonzeros in A. The cost per
iteration of a gradient method would be O(|A|). This is a large advantage for
CD methods a factor of 1/n  that makes CD potentially appealing relative
to full gradient methods.

The least squares problem min ﬁ”ATx b||% is a special case of this
example, as we see by defining ¢;(g;) = %(gj bj)>.

Graph-Structured Objectives. Many optimization can be written as a sum
of functions, each of which involves only two components of the vector of
variables. For example, problems in image segmentation might couple pixels
only when they are adjacent. In topic modeling, terms may be coupled only
when they appear in the same document.

We can express the structure of such a function as an undirected graph
G = (V,E), where each edge (j,/) € E connects two vertices j and / from
V ={1,2,...,n}. The objective has the form
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n
F =Y fulepa) +1) Q).
(j,DeE j=1

(We assume that each fj; and each regularization function 2; is differen-
tiable.) If we assume that evaluation of each gradient V f}; and V2 is an O (1)
operation, the cost of a full gradient V f would be O(|E|+ n). To implement a
CD method efficiently, we would store the values of f;; and V f}; at the current
x, for all (j,I) € E. To compute the ith gradient component V; f (x), we need
to sum components from the terms V f};(x) for which j =i or/ =i (at a total
cost proportional to the number of edges incident on vertex i) and evaluate
the term VQ; (x;). In updating the values of f; and V f}; after the step in x;,
we need again only change those components for which j = i or/ = i. The
“expected” cost of one CD iteration is thus O (] E|/n). We see once again the
desired 1/n relationship between the cost per iteration of CD and the cost per
iteration of a gradient method.

In both of these cases, the amount of computation required to update f
is similar to that required to update the full gradient vector, and some of the
actual operations are the same (for example, the update of g; terms in the
ERM example). This observation suggests that we can perform line searches
along the coordinate directions efficiently, using information about changes in
function and directional derivative information to find near exact minima along
each search direction.

If we are using a naive finite difference scheme to estimate derivatives,
based on a formula such as
f(x+38e)  fx)

5 )
then n function evaluations are required to evaluate a full gradient, compared

Vif(x)~

with 1 to estimate a single component. However, we note in this connection that
automatic differentiation techniques (Griewank and Walther, 2008), imple-
mented in many software packages, can compute V f for a modest multiple
(independent of n) of the cost of evaluating f. (Note that this observation is
not really relevant to the examples of this section, since for these objectives,
the cost of evaluating f is itself too high.)

6.2 Coordinate Descent for Smooth Convex Functions
We again develop most of the ideas with reference to the familiar smooth

convex minimization problem defined by

min f(x), (6.3)

xeR”
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where f is smooth and convex, with modulus of convexity m and a bound
L on the Lipschitz constant of the gradient for all points x in some region
of interest; see (2.19) and (2.7). We showed in Lemmas 2.3 and 2.9 that,
in the case of f twice continuously differentiable, these conditions are a
consequence of uniform bounds on the eigenvalues of the Hessian (2.10) —
that is, mI < V2 f(x) < LI.Because the variants we consider here are mostly
descent methods, it is enough to restrict our attention in these definitions to an
open neighborhood O° of the level set of f for the starting point x°, which is

L£0:={x] f(x) < fF&O).

6.2.1 Lipschitz Constants

We introduce other partial Lipschitz constants for the gradient V f. Each
componentwise Lipschitz constant L;, i = 1,2, ... ,n satisfies the bound

IVif(x+vye) Vif)l=Lilyl, i=12....n, 6.4)

for all x, y such that x € @° and x + ye; € O°, while we define L,y to be
the maximum of these constants:

Lmax = mzax L;. (6.5)

These Lipschitz constants play important roles both in implementing
variants of CD and in analyzing its convergence rates and in comparing these
rates with those of full gradient methods. We can obtain some bounds on the
difference between L and L,,x by considering the convex quadratic function
fx) =1/ 2)xT Ax where A is symmetric positive semidefinite. We have that

L =|All2 = Amax(A), Lmax = . IInZaX Ajj.

It is clear from definition of matrix norm that

L= ||Aeill/lleill =

from which it follows that L > L,«. (Equality holds for any nonnegative
diagonal matrix.) On the other hand, we have by the relationship between
trace and sum of eigenvalues (A.4) that

n n
L= )\max(A) = Z)H(A) = ZAH < nLpyax-
i=1

i=1
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(Equality holds for the matrix A=cel, where e=(1,1,...,1)T.) Thus,
we have

Lmax < L < nLpax. (6.6)

6.2.2 Randomized CD: Sampling with Replacement

In the basic randomized coordinate descent (RCD) approach, the index iy to be
updated is selected uniformly at random from {1,2, ...,n}, and the iterations
have the form (6.2) for some «; > 0. For short-step variants, in which oy is
determined by the Lipschitz constants rather than by exact minimization or
a line-search process, sublinear convergence rates can be attained for convex
functions and linear convergence rates for strongly convex functions (m > 0
in (2.19)). Later, we discuss how this rate relates to the rates obtained for the
full gradient steepest-descent method of Chapter 3.

For precision, we make the following assumption for the remainder of this
section. We make use here of the level set £° and its open neighborhood O°
defined earlier.

Assumption 1 The function f is convex and uniformly Lipschitz continu-
ously differentiable on the set O defined earlier, and attains its minimum on a
set S C £0. There is a finite Ry > 0 for which the following bound is satisfied:

max min [|x x*|| < Ry.
xeLl0 x*eS
In the analysis that follows, we denote expectation with respect to a single
random index ix by E;, (-), while E(-) denotes expectation with respect to all
random variables ig,i1,i7, . .. encountered during the algorithm.
Our main result shows convergence of randomized CD for the fixed
steplength oy = 1/Lpax.

Theorem 6.1 Suppose that Assumption 1 holds, that each index iy in the
iteration (6.2) is selected uniformly at random from {1,2,...,n}, and that
ok = 1/Lax. Then for all k > 0, we have

' . 2nLnwR?
E(f(x")—f" < — (6.7)
When m > 0in (2.19), we have, in addition, that
k
k * 0 *
B(reh) f< (1 - Lm) S . (6:8)
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Proof By application of Taylor’s theorem, and using (6.4) and (6.5), we have
FEY =7 (Vi @b

1
< fO5 Vi fFRP+ Ea,%Lik[vikﬂx")]Z

LHIHX
< f&5 o (1 5 ak) [Vi, f (x5

1
= f(x%) 5 VS Sl (6.9)

where we substituted the choice oy = 1/Lp,y in the last equality. Taking the
expectation of both sides of this expression over the random index ix, we have

1 1<
E, f(*h < FGeF) — T ;mm’fnz
_ k kN2
=[G IV (6.10)

(We used here the facts that x¥ does not depend on iy and that iy was chosen
from among {1,2, ... ,n} with equal probability.) We now subtract f(x*) from
both sides of this expression and take expectation of both sides with respect to

all random variables ig, i, . . . , using the notation
o =E(f (R (6.11)
to obtain
E(|V 5|2 E(||V f (x* 2
< < .
ten =t 5 —B(IVEO1) <o 5o [EAVAEHD]

(6.12)

(We used Jensen’s inequality in the second inequality.) We see already from
this last inequality that {¢y} is a nonincreasing sequence. By convexity of f,
we have for any x* € S that

FOE < VEEHTEE ) < IVAESIIKE X < RolV L),

where the final inequality is obtained from Assumption 1, because f(x¥) <
£ (x%), so that x* € £°. By taking expectations of both sides, we have

1
E(IVFGDID =
0
When we substitute this bound into (6.12) and rearrange, we obtain

. L1,
ko Pkl = 5Pk
0

2n L max R_



6.2 Coordinate Descent for Smooth Convex Functions 107

‘We thus have
1 U vt e ot 1

i1 bk Bkbrer @7 2nLp R

By applying this formula recursively, we obtain

11 k k
- 2 - + 2 )
Gk ~ ¢0  2nLumaxRE ~ 2nLpmax R}

from which (6.7) follows.
In the case of f strongly convex with modulus m > 0, we have by taking
the minimum of both sides with respect to y in (2.19), and setting x = x¥, that

1
f*=feh 2—||Vf(x")||2-
m

By using this expression to bound ||V £ (x%)||? in (6.12), we obtain

m m
Pr+1 =< Gk O = <1 >¢k~
nL

max nLmax

Recursive application of this formula leads to (6.8). O

The same convergence expressions can be obtained for more refined choices
of steplength o by making minor adjustments to the logic in (6.9). For
example, the (usually longer) steplength oy = 1/L;, leads to the same bounds
(6.7) and (6.8). The same bounds hold too when «;, is the exact minimizer of
f along the coordinate search direction; we modify the logic in (6.9) for this
case by taking the minimum of all expressions with respect to o; and use the
fact that oy = 1/Lnax 18, in general, a suboptimal choice.

We prove a second convergence result, with a bound different from (6.7),
for the weakly convex case. This variant, from Lu and Xiao (2015, theorem 1),
is also of interest because it uses a different proof technique.

Theorem 6.2 Suppose that Assumption 1 holds, that each index iy in the
iteration (6.2) is selected uniformly at random from {1,2,...,n}, and that
ok = 1/Lyax. Then for all k > 0, we have

L max R2 N n(f(x% — f(x*)) _ Lo + L)R?

k *
E(f(x™) = f" =< T T P

(6.13)
Proof Define ¢ as in (6.11) and

ar = B(||xF = x*|?) (6.14)
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for some minimizer x* of f, where the expectation E is taken over all random

indices o, i1, . . .. For any iteration 7', we have
1 2
= |x" — Vi, f&De,  x*
Lmax
1 2

= ||xT x*”2 Vin(xT)(xT x*)ir + - I:Vin(xT)]

Lmax Lmax

2 2

ST R Ve fEDGT W [f6T) faT),

Lmax Lmax

where the last inequality is obtained by applying (6.9) to the last term. By
taking the expectations of both sides with respect to the random index i7, and
using the fact that f(x*) > f(xT) + VDT (x* xT) (by convexity), we
have

2
Eip ™0 w12 < e’ x¥)? ViaDHTaT x
anax
2
+—[rah) - By )]
Lmax

2
< |7 X*II2+nL—(f(x*) Fixhy)

2

+
Lmax

[T By raTh].

which, by rearrangement, yields

2
1 Lax

(Fah e et 2P By T X
2
Lmax
By taking expectations of both sides over all random indices ig, iy, ..., and
using the definitions (6.11) and (6.14), we obtain

2 2

¢r <ar arq1+
anaX Lmax

+

[fcT) B fx™thH1

(o1 d141).

By summing both sides over T = 0, 1, . . . , k, we obtain
2 & 2
Z¢T <ao— axt1 +
Lmax

T=0
2 0 *

(P0 — Gr+1)

anaX

< |x°

(6.15)
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where for the last inequality, we used ayp = ||x0 x>"||2 and ¢g = f (xo)
f(x*) along with ax; > 0 and ¢ > 0. Since { f xT)lisa monotonically
decreasing sequence, we can bound the left-hand side of (6.15) below by (k+1)

m L?nax ¢k, and by substituting this expression into (6.15), we obtain

L [X° =¥ n(f ) — f%)
2(k+1) k+1
and we simply replace k 4 1 with k on the right-hand side to obtain the result.

The final bound in the theorem is obtained by using convexity and
V f(x*) = 0 to obtain

ok =Ef(x") — f* <

)

FEH < fFEH+VEEHT RO x*)+§||x° x*||2=f<x*>+§||x° P
O

The convergence rates in Theorem 6.1 make interesting comparisons with
the corresponding rates for full gradient short step methods from Section 3.2.
In comparing (6.7) with the corresponding result for the (full gradient)
steepest-descent method with constant steplength ooy = 1/L (where L is from
(2.7)). We showed in Theorem 3.3 that the iteration

1
A =xt SV

leads to a convergence expression

2

feR =< Lz—lz". (6.16)

Since, for problems of interest in this chapter, there is roughly a factor-of-n
difference between one iteration of CD and one iteration of a full gradient
method, the bounds (6.16) and (6.7) would be comparable (to within a factor
of 4) if L and L« are approximately the same. The bounds (6.6) suggest that
Lax can be significantly less than L for some problems, and by comparing
the two worst-case convergence expressions, we see that randomized CD may
have an advantage in such cases.

A similar conclusion is reached when we compare the convergence rates on
the strongly convex case. We have for the steepest-descent method with line
search @ = 2/(L + m) (see Section 3.2) that

* 2 E3
X1 X7 < (1 m) llxe X7 (6.17)

Because of Lemma 3.4, the quantities f(xz) — f(x*) and ||xx — x*||? converge
at similar rates, so we get a more apt comparison with (6.8) by squaring both
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sides of (6.17). By using the approximation (1 €)” ~ 1 re for any constants
r and € with re < 1, we estimate that the rate constant for convergence of
{ f (xx)} in the short-step steepest-descent method would be about
dm | 4m
L+m L

, (6.18)

because we can assume that L + m = L for all but the most well-conditioned
problems. Apart from the extra factor of 4 in (6.18), and the expected factor-of-
n difference between the key terms, we note again that the main difference is
the replacement of L« in (6.8) by L in (6.18). Again, we note the possibility
of a faster overall rate for CD when L, is significantly less than L.

These observations make intuitive sense. CD methods are able to take
longer steps in general while still guaranteeing significant decrease in f.
Moreover, they make incremental improvements to x using fresh gradient
information at every step, whereas full gradient methods update all compo-
nents of x at once using information from all components of the gradient at a
single point.

Complexity results for the case of strongly convex f appear in Section 9.4.
In fact, we consider there the more general situation in which convex separable
regularization functions are added to f, and a proximal-gradient framework
(which generalizes gradient descent to regularized objective functions) is used
to minimize them.

6.2.3 Cyclic CD

The cyclic variant of CD updates the coordinates in sequential order 1,2, ... ,n,
then repeats the cycle until convergence is declared. This is perhaps the most
intuitive form of the algorithm. The classical Gauss—Seidel method, popular
also for linear systems of equations, has this form, with the steplengths chosen
to minimize f exactly along each search direction. Other variants do not
minimize exactly but rather take steps of the form (6.2), with o chosen
according to estimates of the Lipschitz properties of the function, and other
considerations.
In the general CD framework (6.1), the choice of index iy in cyclic CD is

ix = (kmodn)+1, k=0,1,2,..., (6.19)

giving the sequence 1,2,3,...,n,1,2,3,...,n,1,2,3, .. ..

Surprisingly, results concerning the convergence of cyclic variants for
smooth convex f have emerged only recently. See, for example, Beck and
Tetruashvili (2013) from which the results below are extracted; Sun and Hong
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(2015); and Li et al. (2018). (Results for the special case of the Gauss—Seidel
method applied to a convex quadratic, f, and its important symmetric over-
relaxation (SOR) variant, have been standard results in numerical linear alge-
bra for many years.) We describe a result with a flavor similar to Theorem 6.1,
assuming a fixed steplength « at every iteration, where o < 1/L -

Theorem 6.3 Suppose that Assumption 1 holds and that the iteration (6.2) is
applied with the index iy at iteration k chosen according to the cyclic ordering
(6.19) and oy = @ < 1/Lax. Then, for k = n,2n,3n, ..., we have

4n/o)(1 + nL*a?®)R?

by g2 9, 6.20
f&h) —f = T8 (6.20)
When f is strongly convex with modulus m, we have, in addition, for k =
n,2n,3n, ..., that

by < (1 m
/)1 + nl2a?)

Proof The results follow from Beck and Tetruashvili (2013, theorems 3.6
and 3.9). We note that (i) each iteration of Algorithm BCGD in Beck and
Tetruashvili (2013) corresponds to a “cycle” of n iterations of (6.2); (ii) we
update coordinates rather than blocks, so that the parameter p in Beck and
Tetruashvili (2013) is equal to n; (iii) we set Lmax and Ly in Beck and
Tetruashvili (2013) both to 1/«, which is greater than or equal to L%, as
required by the proofs in that paper. O

k/n
) (e . (6.21)

The cyclic CD approach would seem to have an intuitive advantage over the
full gradient steepest-descent method, if we compare a single cycle of cyclic
CD to one step of the steepest-descent method. Cyclic CD is making use of the
most current gradient information whenever it takes a step along a coordinate
direction, whereas the steepest-descent method evaluates the moves along all
n coordinates at the same value of x. This advantage is not reflected in the
worst case analysis of Theorem 6.3, which suggests slower convergence than
the full gradient steepest descent method, even when we assume that the cost
per iteration differs by O (n) between the two approaches (see details in what
follows). Indeed, the proof of Beck and Tetruashvili (2013) treats the cyclic CD
method as a kind of perturbed steepest descent method, bounding the change
in objective value over one cycle in terms of the gradient at the start of the
cycle.

The bounds (6.20) and (6.21) are generally worse than the corresponding
bounds (6.7) and (6.8) obtained for the randomized algorithm, as we explain
in a moment. Computational comparisons between randomized and cyclic
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methods show similar performance on many problems, but as a comparison of
the bounds suggests, cyclic methods perform worse (sometimes much worse)
when the ratio L /L, significantly exceeds its lower bound of 1. We note also
that the bounds (6.20) and (6.21) are deterministic, whereas (6.7) and (6.8) are
bounds on expected suboptimality.

We illustrate the results of Theorem 6.3 with three possible choices for «.
Setting « to its upper bound of 1/ L., we have for (6.20) that

AnLiax (1 +nL?/L2 ORS  4n’L’R3
< ~ .

k * max
Fe s k8 kLo

The numerator here is worse than the corresponding result (6.7) by a factor of
approximately 2nL>/ ernax € [2n,2n%], suggesting better performance for the
randomized method, with a larger advantage on problems for which L, < L.
If we set « = 1/L (a valid choice, since L > Lp.x), (6.20) becomes

dn(n+1)LR}  4n’LR}
k+8 kO

which is worse by a factor of approximately 21> than the bound (6.16) for the
full-step gradient descent approach. For o = 1/( y/nL), we obtain

8n3/2LR}
k+8

’

which still trails (6.16) by a factor of 4n3/2 1f we take into account the factor-
of-n difference in cost between iterations of CD and full gradient methods
for problems of interest, these differences shrink to factors of n and n'/2,
respectively.

A different analysis (due to Sun and Hong, 2015, section 3) for weakly
convex f yields a 1/k sublinear rate, like (6.20), but the constant has
different dependences on the various Lipschitz constants. The constant can be
significantly smaller in some cases, when L /L. near its upper bound of n,
but larger in other cases.

6.2.4 Random Permutations CD: Sampling without Replacement

The random permutations variant of CD is a kind of hybrid of the randomized
and cyclic approaches. As in the cyclic approach, the computation are divided
into epochs of # iterations each, where within each epoch, every coordinate is
updated exactly once. Unlike the cyclic approach, however, the coordinates are
shuffled at the start of each epoch. (Equivalently, we can think of the iterations
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within each epoch as sampling the coordinates from the set {1,2,...,n}
without replacement.)

The convergence properties proved for cyclic CD in Theorem 6.3 continue
to hold for random-permutations CD; the proofs in Beck and Tetruashvili
(2013) need no modification. Curiously, however, computational experience
shows that the random-permutations variant avoids the poor behavior of the
purely cyclic variant in cases for which the ratio L/Ly,x is large. In all
cases, performance is quite similar to that of “sampling with replacement”
the randomized CD approach of Section 6.2.2. This behavior is explained
analytically in some special cases, a particular strongly convex quadratic in Lee
and Wright (2018) and for a more general class of strongly convex quadratics
in Wright and Lee (2020). Even in these special cases, the analysis of random-
permutations CD is much more complex than for either randomized CD or
cyclic CD.

6.3 Block-Coordinate Descent

All methods described in this chapter can be extended to the case in which the
coordinates are partitioned into blocks, each of which contains one or more
components. After possible rearrangement of the components of x, we can
partition it as

X = (X(1),X2)» - - - X(p))5

where x;y e R",i =1,2,...,pand Zf’zl n; = n. We use U; to denote those
columns of the n x n identity matrix that correspond to the components in x ;).
Generalizing (6.2), step k of the block-coordinate descent method can thus be
defined as follows:

B T AN T C

for some o > 0, where V; f(x) is the vector of partial derivatives of f with
respect to the components in x(;). Definitions of the componentwise Lipschitz
constants (6.4) can be extended trivially to blocks, as follows:

IV: f(x + Uivi) Vif@)l < Lillvill, anyv; e R% alli =12, ...,p.
6.22)

Some algorithms also make use of moduli of convexity m; on the blocks, where
m; satisfies m; I < U,.TV2f(x)Ui € R">*" for all x in the domain of interest.

The block-coordinate structure allows many algorithms to be extended to
the case when block-separable regularizers are present. These problems have
objectives of the form
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P
)+ Qixay), (6.23)
i=1
where each 2; is convex and often nonsmooth.

Generalization of the analysis of randomized CD and cyclic CD methods is
straightforward; in fact, several of our sources for this chapter describe the
results in the block-coordinate framework rather than the single-coordinate
setting that we adopted here (see, for example, Beck and Tetruashvili, 2013;
Nesterov, 2012; Nesterov and Stich, 2017; Lu and Xiao, 2015).

Block coordinate descent is a natural technique to apply in several applica
tions. For example, in low-rank matrix completion, given observations of the
(i, j) elements of a matrix M € RP*9, where (i,j) € O C {1,2,...,p} x
{1,2,...,q}, we seek matrices U € RP*" and V € R?*" (for some t <
min(p,q)) to minimize the objective

2
fwovy= 3 (wv' i)
i, ))eO
A natural approach is to define two blocks of variables — U and V — and
minimize successively with each of these blocks. Since f(U,V) is a least-
squares problem in U for fixed V, and a least-squares problem in V for
fixed U, standard methods are available for minimizing over the blocks.
Tensor completion problems can be handled in a similar way; once again, the
subproblems are least-squares problems.
In nonnegative matrix factorization, we further constrain U and V to have
only nonnegative elements. The objective for the problem can be stated in the
form (6.23) that is,

2
> (VT Mi) 1@+ 1),
@i, ))eO

where I are indicator functions that have the value O if all elements of the
matrix are nonnegative and co otherwise. The subproblems in this formulation
are bound-constrained least-squares problems, which can be solved with
projected gradient or active set methods.

Notes and References

A notable early paper on block-coordinate descent with block-separable
regularization is by Tseng and Yun (2010), who proved convergence and
complexity rates for several settings (including nonconvex f) and different
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variants. This paper assumes that the block of variables chosen for updating
at each step satisfies a generalized Gauss—Southwell condition, which ensures
that the improvement in f by considering this block is a nontrivial fraction of
the improvement available from a full gradient step. Some extensions of this
paper are considered by Wright (2012), together with a discussion of several
applications and local convergence results.

The proof of Theorem 6.1 is a simplified version of the analysis in
Nesterov (2012, section 2). The proof of Theorem 6.2 is from Lu and Xiao
(2015, theorem 1). Another analysis (extendable to problems with separable
regularizers) is given by Richtarik and Takac (2014).

Variants of the randomized CD approach that make use of Nesterov
acceleration were proposed first by Nesterov (2012), with a version that can be
implemented efficiently in some applications proposed later in Lee and Sidford
(2013). A more generally applicable version is described by Nesterov and
Stich (2017). When the sampling probability for component i is chosen to be
L ll /2 / (Z’}-zl L;/ 2) (where the L; are the componentwise Lipschitz constants
defined in (6.4)), Nesterov and Stich (2017, theorem 1) proves the bound

2
1/2
2R5 (Z?:l Li/ )

E(f(")  fOM) = 3

(Note that the 1/k rate of Theorems 6.1 and 6.2 has been replaced by the 1/k2
rate that is typical of accelerated methods.)

Analysis of the cyclic method in Section 6.2.3 is from Beck and Tetruashvili
(2013). A later work (Li et al., 2018) uses techniques similar to those of
Sun and Hong (2015) to analyze a version of cyclic CD with a particular
choice of step sizes, related to the componentwise Lipschitz constants, for the
strongly convex case. Some improvements to the complexity results of Beck
and Tetruashvili (2013) are obtained for these cases. (The different setting and
assumptions make it difficult to compare the results directly, but the bound on
the number of iterates required to attain a specified accuracy in the objective
function is approximately a factor of L/Ly, better in Li et al., 2018.) The
techniques of Li et al. (2018) apply to the case in which separable nonsmooth
regularization terms also appear in the objective; we consider the extension of
CD methods to such problems in Section 9.4.

When the function f satisfies the Polyak—tf.ojasiewicz (PL) condition
of Section 3.8, Karimi et al. (2016) shows linear convergence rates for
algorithms of the form (6.2) and its extensions to problems with separable
regularization terms. Here, as before, the PL condition yields results similar
to those obtained for strongly convex functions. Chouzenoux et al. (2016)
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consider block-coordinate descent for the separable regularized case, using
variable metrics to modify the gradient at each iteration, and proves global
convergence as well as local convergence rates under the Kurdyka—t.ojasiewicz
(KL) condition (which is also described in Section 3.8).

The justification for using CD methods as opposed to full gradient methods
is perhaps seen best in asynchronous implementations on parallel computers.
Multiple cores can, of course, share the workload of evaluating a full gradient,
but there is inevitably a synchronization point the computation must wait
for all cores to complete their share of the work before it can proceed with
computing and taking the step. Asynchronous implementations of CD methods
are easy to design, especially for multicore, shared memory computers in
which all cores have access to a shared version of the variable x (and
possibly other quantities involved in the evaluation of gradient information).
Strong results about the convergence of asynchronous algorithms under weak
assumptions were obtained by Bertsekas and Tsitsiklis (1989, section 7.5).
More recently, several papers (Liu et al., 2015; Liu and Wright, 2015) showed
that convergence rates of the serial CD methods are largely inherited by
multicore implementations provided that the number of cores is not too
large. Other parallel implementations have also been devised, analyzed, and
implemented in Richtarik and Takac (2016b), Fercoq and Richtarik (2015), and
Richtarik and Takac (2016a). Parallel CD remains an active area of research.

We note that the analysis in the papers cited in this chapter defines the
constant Ry differently from in Assumption 1, to be max, . 0 max,+cs [|x
x*|| rather than max . o ming+cs [lx  x*||. This alternative definition results
of course in a larger value, which has the disadvantage of being infinite when
the solution set is unbounded. A careful look at the analysis of these papers
shows that the definition that we use here suffices.

Exercises

1. In the ERM example of Section 6.1, assume that the objective function f
is known at the current point x, along with the quantity g = Ax. Show that
the cost of computing f(x + y;e;) forsomei = 1,2, ...,n1is O(]A.;]) (the
number of elements in column i of A) the same order as the cost of
updating the gradient V f. Show that a similar observation holds for the
graph example in Section 6.1.

2. Consider the convex quadratic f(x) = +x7 Ax with A = ee!, where
e=(1,1,...,1)T, for which L = n and Ly, = L; = 1 for
i =1,2,...,n. Show that any variant of CD witho = 1 /L ora = 1/L;
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converges in one iteration. Show that the steepest-descent method (with

either exact line search or steplength « = 1/L) also converges in one step.

. Implement the following variants of coordinate descent:

« Randomized CD (the method of Section 6.2.2) with exact line search
and with constant steplength 1/ L .x

« Cyclic CD (Section 6.2.3) with exact line search and with constant
steplengths 1/Lyax, 1/L, and 1/(+/nL)

« Random-permutations CD (Section 6.2.4) with exact steps and and with
constant steplength 1/L .

Compare the performance of these methods on convex quadratic problems
fx) = %xTAx, where A is an n x n positive semidefinite matrix
constructed randomly in the manner described in what follows. (Note that
x* = 0 with f(x*) = 0.) Terminate when f(x) < 107° f(x"). Use a
random starting point x? whose components are uniformly distributed in
[0, 1]. Compute and print the values of L and L.« for each instance.

Test your code on the following matrices A.

(i) A= 0TDQT, where Q is random orthogonal and D is a positive
diagonal matrix whose here each diagonal D;; has the form 107%
where each ¢; is drawn uniformly i.i.d. from [0, 1].

(i1) The same as in (i), but with each ¢; drawn uniformly i.i.d. from [0, 2].
(iii) Generate the matrix A as in (i), then replace it by A 4+ 10ee’ , where
e=(1,1,...,DT.

Discuss the relative performance of the methods on these different
problems. How is your computational experience consistent (or
inconsistent) with the convergence expressions obtained in Theorems 6.1
and 6.3?
. Compare the linear convergence bounds (6.8) and (6.21) for randomized
CD and cyclic CD, for various choices of steplength in the cyclic method,
including @ = 1/Lyx, « = 1/L, and @ = 1/(/nL). (In making these
comparisons, note that, for small €, we have (1 el/n~1 €/n.)
Which of these choices of fixed steplength « in the cyclic method is
optimal, in the sense of approximately minimizing the factor on the

right hand side of (6.21)?
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First Order Methods for Constrained
Optimization

In constrained optimization, we seek the point x* in a specified set € that
attains the smallest value of the objective function f in 2. The set 2 is called
the feasible set, and it is often defined via a number of algebraic equalities
and inequalities, called constraints. The constraints can simply be bounds on
the values of the variables, or they can be more complex formulas that capture
temporal dependencies, resource usage, or statistical models. In this chapter,
we focus on case in which €2 is a simple closed convex set. Later chapters
consider setups in which the feasible set is more complicated.

7.1 Optimality Conditions

We consider problem (2.1), restated here as
min f(x), (7.1
xeQ

where Q2 C R” is closed and convex and f is smooth (at least differentiable).
We refer to earlier definitions of local and global solutions in Section 2.1 and
convexity of sets and functions in Sections 2.4 and 2.5.

To characterize optimality for minimizing a smooth function f over a
closed convex set €2, we need to generalize beyond the optimality theory
of Section 2.3, which was for unconstrained optimization. Typically, the
unconstrained first-order conditions V f(x) = 0 are not satisfied at the solution
of (7.1). To define optimality conditions for this constrained problem, we need
the notion of a normal cone to a closed convex set €2 at a point x € €.

Definition 7.1 Let 2 C R” be a closed convex set. At any x € €2, the normal
cone Nq(x) is defined as

No(x)={d eR": d"(y —x) <0 forall y € Q}.

118
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No(x)

Figure 7.1 Normal Cone

(Note that N (x) satisfies trivially the definition of a cone C € R", which
isthatz € C = tz € C for all t > 0.) See Figure 7.1 for an example of a
normal cone.

The following result is a first-order necessary condition for x* to be a
solution of (7.1). When f is convex, the condition is also sufficient.

Theorem 7.2 Consider (7.1), where Q2 C R" is closed and convex and f
is continuously differentiable. If x* € Q is a local solution of (7.1), then
—Vf(x*) € No*). If f is also convex, then the condition —V f(x*) €
Nq(x*) implies that x* is a global solution of (7.1).

Proof Suppose that x* is a local solution, and let z be any point in £2. We have
that x*+a(z x*) € Qforalla € [0, 1], and, by Taylor’s theorem (specifically
(2.3)), we have

fGE* +a@—x9) = f&*) +aV ")z —x)
+a [V +yaa 1) V] @ 1)
=[N +aViaH @ xF)+o(@)

for some y, € (0,1). Since x* is a local solution, we have that f(x* + «(z
x*)) > f(x*) for all « > O sufficiently small. By substituting this inequality
into the previous expression and letting o | 0, we have that V f(x*)7 (z
x*) < 0. Since the choice of z € 2 was arbitrary, we conclude that V f(x*) €
Nq(x*), as required.

Suppose now that f is also convex, and that V f(x*) € Ng(x*). Then
Vf(x*)T(z —x*) < 0forall z € Q. By convexity of f, we have

f@ = FON)+ VM 2 —x") = F(5),

verifying that x* minimizes f over €2, proving the second claim. O
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When f is strongly convex (see (2.19)), problem (7.1) has a unique solution.

Theorem 7.3 Suppose that in the problem (7.1), f is differentiable and
strongly convex, while Q is closed, convex, and nonempty. Then (7.1) has a
unique solution x*, characterized by V f(x*) € Nq(x™).

Proof Given any z € €, it follows immediately from (2.19) that f is globally
bounded below by a quadratic function that is,

fO = fFQ+VFR T (x + %nx 212,

with m > 0. Thus, the set Q N {x | f(x) < f(z)} is closed and bounded, hence
compact, so f attains its minimum value on this set at some point x*, which is
thus a solution of (7.1).

For uniqueness of this solution x*, we note that, for any point x € 2, we
have, from (2.19) again, together with the property V f(x*) € No(x*) from
Theorem 7.2, that

fO) = fFOH+ V@ ¥+ %IIX X > ),

since V f(x)T (x —x*) >0, m > 0, and x # x*. O

7.2 Euclidean Projection

Let 2 be a closed, convex set. The Euclidean projection of a point x onto €2 is
the closest point in €2 to x, measured by the Euclidean norm (which we denote
by || - |I). Denoting this point by Pq(x), we see that it solves the following
constrained optimization problem:

Po(x) = argminfl|z x|z € 2},
or, equivalently,

Po(x) = argmin [z x|I3. (7.2)
ZEQ

Since the cost function of this problem is strongly convex, Theorem 7.3 tells
us that Pg(x) exists and is unique, so well defined. The same theorem gives us
the following characterization of Pg(x):

x  Pq(x) € Na(Pq(x));
that is, from the Definition 7.1,

(x — Pa(x)T(z — Po(x)) <0, forallz e Q. (7.3)
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In fact, this inequality characterizes Pq(x); there is no other point X € 2 such
that (x x)T(z ) <Oforall z € Q, since if such a point existed, it would
also be a solution of the projection subproblem.

We refer to (7.3) as a minimum principle. We can use it to compute a variety
of projections onto simple sets 2.

Example 7.4 (Nonnegative Orthant) Consider the set of vectors whose
components are all nonnegative: Q@ = {x|x; > 0, i = 1,2,...,n}. Note
that Q is a closed, convex cone. We have

Pq(x) = max(x,0);

that is, the ith component of Pgq(x) is x; if x; > 0, and 0 otherwise. We prove
this claim by referring to the minimum principle (7.3). We have

x  Po()'(z  Pax))
=Y i Pe@)@ [Pa@I)+Y_ (5 [Pa®)]) @i [Pa()]i)

x; <0 x>0

= inzi <0,

x; <0
since z; > O for all ;.

Example 7.5 (Unit Norm Ball) Defining Q2 = {x | ||x|| < 1}, we have

x if x| < 1,
Po(x) = :
x/ x|l otherwise.
We leave the proof as an Exercise.
The following result is an immediate consequence of (7.3).

Lemma 7.6 Let Q2 be closed and convex. Then (Pg(y) z)T(y z) > 0 for
all z € Q, with equality if and only if z = Pq(y).

Proof
Po() =2 (v —2) = (Pa(y) =" (y = Pa(y) + Pa(y) — 2)
= (Pa(y) — )" (v = Pa) + | Pa(y) — zl?
> (Po(y) 2"(y Pa(y) =0,

where the final inequality follows from (7.3). When (Po(y) 2)T(y 2) =0,
we have from the same reasoning that || Po(y) z|| = O, proving the final
claim. O

Euclidean projections are nonexpansive operators, as we show now.
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Proposition 7.7 Let Q2 be a closed convex set. Then Pq(-) is a nonexpansive
operator — that is,

[Pa(x) PoWIl =llx yll, forallx,yeR"
Proof We have

Ix  ylI?
=(x Pax) (v Pa()+Pax) PoaOl?

- H(x — Po(x) — (y — Pa()I* + | Pa(x) — Pﬁ(y)Hz

—2[x — Po()1T [Pa(y) — Pa()] —2[y — Pa]" [Pa(x) — Pa(y)]
> [[(x — Pa(x)) — (y — PaOW) I + [ Pa(x) — Pa()I?
> [Pa(x)  Pa)I?

where the first inequality follows from (7.3). O

7.3 The Projected Gradient Algorithm

We consider (7.1) in which f is Lipschitz continuously differentiable with
constant L (see (2.7)) and €2 is closed and convex. Iteration k of the projected
gradient algorithm consists of a step along the negative gradient direction
V £ (x¥), followed by projection onto the feasible set Q. The steplength is
chosen to ensure descent in f at each iteration. This approach is most useful
when the projection operation Pgq(-) is inexpensive to compute, no greater than
the same order as the cost of evaluating a gradient V f.
Given a feasible starting point x € ©, the projected gradient algorithm is
defined by the formula

k= pg, (xk vV f(xk)>, (1.4)

where o > 0 is a steplength. Figure 7.2 shows the path traced by Po(x  tg)
for given x,g € R" and scalar ¢+ > 0 for a box shaped set 2. In this case, the
path is piecewise linear.

The following proposition shows that if x* is a point satisfying first order
conditions (see Theorem 7.2), then the projected gradient algorithm will not
move away from x*  that is, x¥t! = xk, regardless of the value o > 0
chosen for the steplength.
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“ Alg

\\\ ;’,
Byx-tg) -. N M

Figure 72 Projection of path x  tg fort = 0 onto the feasible set € is piecewise
linear.

Proposition 7.8 Suppose that f is smooth and Q is closed and convex. Then
the point x* € Q satisfies the first order condition V f(x*) € No(x*) if and
only if x* = Po(x®  aVf(x™) foralla = 0.

Proof Suppose that x* satisfies the first-order condition. Then for any & > 0,
we have

0= —an(x*}r(z —xN) =[x —aVfx™) — 21T —x"), forallzeQ,

so that, by (7.3), we must have x* = Pg(x* —aV f(x™)). Conversely, if x* =
Po(x* —aV f(x™)), the same inequality shows that the first-order condition is
satisfied. O

7.3.1 General Case: A Short-Step Approach

We first examine the case in which f satisfies (2.7) but may be nonconvex, and
setag = 1/L in (7.4), where L is the Lipschitz constant for V f:

= pg (x" _ (I;L)Vf(x")) . (1.5)

Then for any T = 0, and denoting by f a value such that f(x) = f for all
x € 2, we have the sublinear convergence bound

0
min X x| < ,zw. (1.6)
0=k=T 1 LT
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This expression confirms that within the first T iterations, we will find a point
x such that

[Pa(x (1/L)Vf(x)) x| =<e

To verify the bound (7.6), we have from Lemma 2.2 that for any x € €,
L
FO0) =) = fOH +VFEHT =+ Ze =M1 a7

The minimizer of g (x) over x € Q is simply Po(xk  (1/L)V f(x¥)) (see the
Exercises), which is x¥*! by (7.5). We thus have, from Theorem 7.2 applied to
minyeq gk (x), that

Varx*h = v ref) LM 6 e N,
Thus, by Definition 7.1, it follows that
[ Vf(xk) L(xk+1 xk)]T(xk xk+1) <0
— Vf(xk)T(xk xk+1) > L||xk xk+1”2.
Since f(x¥) = gp(x*) and f(x*t1) < gr(x**t1), we have
FON D = gt

L
e R e e e

2
L
> §||Xk+l xk”Z-
By summing these inequalities up for k = 0,1, ...,7 — 1, we have

= 2 2
DI P < 2 faT) = 20 ),
k=0

from which the result follows, in a similar fashion to Section 3.2.1.

7.3.2 General Case: Backtracking

We now describe a backtracking version of the projected gradient method,
which does not require knowledge of the Lipschitz constant L. We fol
low the backtracking approach for unconstrained optimization described in
Section 3.5, but include the projection operator to ensure that all iterates x*
are feasible.

The scheme is shown in Algorithm 7.1. At each iteration, we choose some
initial guess of the steplength @y > 0. (This could be either some constant,
such as oy = 1 for all k, or a slight increase on the successful steplength
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Algorithm 7.1 Projected Gradient with Backtracking

Given 0 < ¢ < %, B € (0,1); Choose x0;

for k =0,1,2, do
Set oy = o, for some initial guess of steplength oy > 0;
while f(Po(xF oV F(xK)> R+ VDT (Poek oV (xK)) 1)
do
o < Bog;
end while
Set xk 1 = P (xk — o V £ (xK));
end for

from the previous iteration, such as oy = 1.2a4—1.) We then test a sufficient
decrease condition, similar to (3.26a). This condition asks whether the actual
improvement in f obtained with this value of oy is at least a fraction c¢; of
the improvement expected from the first order Taylor series expansion of f
around the current iterate x*. If this condition is not satisfied, we decrease
ak by a factor B € (0,1), repeating the process until the sufficient decrease
condition holds.

Provided the initial guess oy is chosen larger than 1/L, the steps that are
accepted by this backtracking approach are typically larger than the 1/L steps
of the previous section, and convergence is often faster in practice. We derive
convergence results for Algorithm 7.1 in the Exercises.

7.3.3 Smooth Strongly Convex Case

We now consider f that is strongly convex with modulus of convexity m (see
(2.19)), as well as having L Lipschitz gradients (2.7). Moreover, we assume
that f is twice continuously differentiable so that (2.4) from Theorem 2.1
applies. We have from the latter result that for any y,z € R” and any « > 0,

[y aVf) @ aVfER)I

<[] avrero e
0

1
/ [1 —aVif(z+1(y — z))] (y—2z2)dt
0

< sw |1 eVireHic )|y

= max (|l —am|,[l —aL])[ly -zl (7.8)



126 7 First-Order Methods for Constrained Optimization

where the second inequality follows from the fact that the spectrum of V2 £ (-)
is contained in the interval [m, L]. The right-hand side is minimized by setting
o = 2/(L 4+ m) (see the Exercises), for which value we have

L—m

=T T [y —aVf(y) —E@=Vf @)l = L Tm

We set y = x¥, z = x* and oy = 2/(L + m) in (7.8) and use the
characterization of x* in Proposition 7.8 and the nonexpansive property
(Proposition 7.7) to obtain

Iy —zll.

I =) = | Palr — ¥ (65) = Pax® — iV f ()|

<IGF X a(VEEH V)
L m k *
< X

+m

which indicates linear convergence of {x¥} to the optimal x* for a fixed
steplength version of projected gradient. Note that when 0 < m < L, the
linear rate constant is approximately (1 ~ 2m/L).

The projected gradient method analyzed here is a special case of the
proximal-gradient algorithm described in Section 9.3. We refer to that section
for analysis of cases other than those analyzed here — for example, the case in
which f is convex but not strongly convex.

7.3.4 Momentum Variants

There are versions of the projected gradient method that make use of the
momentum ideas of Chapter 4. Following (4.7), Nesterov’s method can be
adapted to (7.1) as follows:

Y=k 4 Bt —xrh (7.9a)

= Pov" VM), (7.9b)

where we define x~! = x¥ as before, so that y° = x0. (When x = 0, we

recover the projected gradient method (7.4).) Note that the sequence {x*} is
feasible, whereas the y* are not necessarily feasible. With appropriate choices
of o and B, and when applied to strongly convex f, the iterations (7.9) will
converge at an approximate linear rate of (1 ~ /m/L).

7.3.5 Alternative Search Directions

Recall that in Section 3.1, we show that search directions d¥ other than the
negative gradient could be used in conjunction with line searches in algorithms
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Figure 73 Searching along a directiond # g = V f(x) and projecting onto
€2 fails to yield descent in f, even for small steplengths a.

for smooth unconstrained optimization. We ask here whether such general
choices of d* can be used in the projected gradient method for solving the
constrained problem (7.1). That is, can we define steps of the form x*+! =
Po(x* +ard®) for d* satisfying conditions like those of (3.22)7 The answer is
no, in general. It is sufficient to illustrate with a picture; see Figure 7.3. Here we
show minimization of a quadratic function whose contours are shown, subject
to x € © where Q is the half space below the line. The solution is shown at
x*. From the point x, we show the direction g = V f(x), the negative
gradient direction, which is orthogonal to the contours. Clearly, if we take
steps of size @ > 0 along this direction and project onto €2, we are moving
toward x* and decreasing the function (provided « is not too large). Consider
now the direction d, which satisfies conditions like (3.22) it makes an angle
of significantly less than 7 /2 radians with V f(x) and is similar in length.
Although we can decrease f by moving along d with steplength o = 0, the
same does not hold when we project x + ad onto €2. In fact, the function
increases along the path defined by Po(x 4+ ad) fora = 0.

7.4 The Conditional Gradient (Frank—Wolfe) Method

For some feasible sets €, the projection operator Pg can be expensive to
compute, whereas minimization of a linear objective over this same sets is
relatively inexpensive. For example, minimizing a linear objective over the
simplex [x eER"|x =0, Y1 xi= l} simply requires finding the minimum
element of the gradient, whereas projection of an arbitrary vector y onto this
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set requires (naively) a sorting of the elements of y. The conditional gradient
method, the first variant of which was proposed by Frank and Wolfe (1956),
provides an effective algorithm for constrained optimization that requires only
linear minimization rather than Euclidean projection.

The conditional gradient method replaces the objective in (7.1) by a linear
Taylor series approximation around the current iterate x and solves the
following subproblem:

#=argmin FO5) +VIEHTGE xF =argmin VAR R (7.10)
XeQ XeQ
The next iterate is obtained by stepping toward ¥ from x* as follows:

K =3k o (x® X%, for some oy € (0,1]. (7.11)
Note that if the initial iterate x° is feasible (that is, X0 e 2), all subsequent
iterates xk, k = 1,2, ... are also feasible, as are all the subproblem solutions
x*, k =0,1,2. ... The method is usually applied only when €2 is compact (that
is, closed and bounded) and convex, so that x* in (7.10) is well defined for
all k. The conditional gradient method is practical only when the linearized
subproblem (7.10) is much easier to solve than the original problem (7.1). As
we have discussed, such is the case for various interesting choices of 2.

The original approach of Frank and Wolfe makes the particular choice of
steplength oy = 2/(k + 2), k = 0,1,2, .. .. The resulting method converges
at a sublinear rate, as we show now. Again assume that 2 C R” is a closed,
bounded convex set and f is a smooth convex function. We define the diameter
D of Q2 as follows:

D := max |x —y|. (7.12)
X, yeQ

We have the following result.

Theorem 7.9 Suppose that f is a convex function whose gradient is Lipschitz
continuously differentiable with constant L on an open neighborhood of <,
where Q is a closed bounded convex set with diameter D, and let x* be the
solution to (7.1). Then if algorithm (7.10)—(7.11) is applied from some x° € Q
with steplength o, = 2/(k + 2), we have

2L D?
<

< , k=12,....
k+2

Fe5 = feeh
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Proof Since f has L-Lipschitz gradients, we have

FEFY < £ + o VR T (o ) akLux X2

5f@h+wMVfuhT@k—ﬁ)+§%LD% (7.13)

where the second inequality comes from the definition of D. For the first-order
term, we have by definition of x* in (7.10) and feasibility of x* that

VIEHTGEE 5 <viahTes b < ran feh.

By substituting this bound into (7.13) and subtracting f(x*) from both sides,
we have

FEY e <A aplf S FaI+ <>sz1>2

We now demonstrate the required bound by induction. By setting k = 0 and
substituting ag = 1, we have

fah  fef < %LD2 < %LDZ,

as required. For the inductive step, we suppose that the claim holds for some
k, and demonstrate that it still holds for kK + 1. We have

Fk - f(x*)<<1—%)[f(x"> f(x*)]+2ﬁL 2
=LD2[ 2k + 2 }
k+2)?  (k+2)?
=2LD2&+1)
(k +2)2
:2L2k+l 1
k+2k+2
2LD2k4—2 1 2LD?
k+3k+2 k+3’
as required. O

Note that the same result holds if we choose « to exactly minimize f along
the line from x* to x*; only minimal changes to the proof are needed.
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Notes and References

The projected gradient method originated with Goldstein (1964) and Levitin
and Polyak (1966). Goldstein proposed the steplength acceptance condition
used in Algorithm 7.1 in Goldstein, 1974. Convergence properties of projected
gradient were developed further by Bertsekas (1976) and Dunn (1981).

The conditional gradient approach was described first for the case of convex
quadratic programming by Frank and Wolfe (1956). Extensions to more
general problems of the type (7.1) are described by Dem’yanov and Rubinov
(1967) (which is difficult to read) and in Dem’yanov and Rubinov (1970).
Dunn (1980) presents comprehensive results for various line-search proce
dures, including linear convergence results for problems that satisfy a condition
akin to second-order sufficiency, and results for nonconvex problems. The
revival of interest in the conditional gradient approach in the machine learning
community is due largely to Jaggi (2013).

Exercises

1. Prove that the formula for Pg(x) in Example 7.5 is correct.

2. Prove that (7.8) is minimized by setting « = 2/(L + m), when
0 < m < L. Prove that the alternative choice of steplength « = 1/L leads
to a linear convergence rate of (1 m/L) in ||x¥  x*|| (similar to the rate
obtained for the unconstrained case in Section 3.2.3). How do these two
different choices compare in terms of the number of iterations 7' required
to guarantee |[x7  x*| < € for some tolerance € > 0?

3. By adapting the analysis of Section 4.3 to the projected version of
Nesterov’s method for the constrained case (7.9) and for the choice of
parameters oy and B shown in (4.23), prove linear convergence of this
method, and find the constant for the linear rate.

4. Find the minimizer of ¢Zx (for ¢ € R", a constant vector, and for x € R",
a variable) over €2, where €2 is each of the following sets:

(a) The unitball: {x | ||x]]2 < 1}
(b) The unit simplex: {x e R" [x >0, Y7 x; =1}
(©) Abox: {x|0<x; <1,i=12,...,n}

5. Show that Theorem 7.9 continues to hold if «j is chosen in (7.11) to
minimize f(x* 4+ o (x¥ — x¥)) for ax € [0, 1], rather than from the
formula oy = 2/(k + 2).
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6. Prove that for any i > 0 and for x¥*! defined by (7.4), we have

. 1
A =argmin £ + VOO A+ o=l 2P
xeQ 20k

and
IPo(x* V) K12 <avViehHTE  PoGd e V).

(Note that with «x = 1/L, it follows that, for g defined in (7.7), we have
= mingeq gr(x).)

7. Show by using arguments similar to those of Section 7.3.1 that when f is
L-smooth, the sufficient decrease condition in Algorithm 7.1 will be
satisfied whenever o < 1/L — that is,

FPax*  ax V) < FO5) + VDT Pa*  axVEER)  xb),
(7.14)

where ¢1 € (0,1/2). Deduce that, provided oy > 1/L, the inner loop in
Algorithm 7.1 terminates with oy > B/L.

8. Show by combining with the results of the previous two questions that for
any o, > 0 such that (7.14) is satisfied, we have, using (7.4), that

1 1
FEEY < (b cla—knx"*‘ K7 < fG0 ”oTk”ka P

Hence, taking oy = 1/M for some M > 0 and all k, derive a convergence
bound similar to (7.6) for Algorithm 7.1.
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Nonsmooth Functions and Subgradients

Most of our discussion so far has focused on functions f: R” — R that are
smooth, at least differentiable. But there are many interesting optimization
problems in data analysis that involve nonsmooth functions. When these
functions are convex, it is not difficult to generalize the concept of a gradient.
These generalizations, known as subgradients and subdifferentials, are the
subject of this chapter. We show in the next chapter and beyond how they can
be used to construct algorithms, related to those of earlier chapters, but with
their own convergence and complexity analysis.

We start with a few examples of interesting nonsmooth functions. In
Section 1.4, we introduced the “hinge loss” function, which appears often in
support vector machines and deep learning. This function #: R — R has the
form

h(t) = max(z,0).

It is obviously differentiable at every nonzero value of ¢, since h’(t) = 0 for
t < 0Oand h'(t) = 1fort > 0. As t moves through 0, the gradient switches
instantly from O to 1. We may be tempted to think of both these values as a
kind of derivative for 4 at t+ = 0, and we would be right! Both values are
“subgradients” of &. In fact, any value between 0 and 1 is also a subgradient.
The collection of all subgradients at r = 0 the closed interval [0,1] is the
“subdifferential” of & at r = 0.

A similar example is the absolute value function h(r) = |¢]| that has
derivative —1 for ¢+ < 0 and +1 for ¢+ > 0. At ¢t = 0, the subdifferential of
h is the interval [—1, 1], and as always, each point in the subdifferential is a
subgradient.

Consider next the multivariate function f(x) = max(alT x + by, azT X+ by),
where a; and ap are (distinct) vectors in R” and by and b, are scalars. It is
easy to verify that f is convex and piecewise linear. In fact, there are just

132
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two pieces: a region in which alTx + b1 > azT X + by and another in which
alTx + b < a2T x + b>. These regions both include the hyperplane defined by
alTx + b = a2T x + bj. In the interior of each region, the gradient V f(x) is
defined uniquely; we have

alTx—}—bl >a2Tx+b2 = Vf(x)=ai,
alTx—f—bl <a2Tx+b2 = Vf&x)=a.

Along the hypeplane alT x+b = azT X + by, and similarly to the hinge loss
function, the appropriate definition of subdifferential is the line joining a; and
ar inR" space thatis, {wa; + (1 «@)az|a €[0,1]}.

Other nonsmooth functions include norms, which are always nondifferen-
tiable at O (see the Exercises). More exotically, the maximum eigenvalue of a
symmetric matrix is a convex, but not differentiable, function of its elements.
We can see this by considering the special case of diagonal 2 x 2 matrices

all 0
0 axn]’

whose maximum eigenvalue is max(ai1,a22), a nonsmooth (in fact, piecewise
linear) function of its entries.!

Besides being of interest in their own right as a way to formulate important
applications, nonsmooth convex functions play a major role in constrained
optimization, where they can be used both to derive optimality conditions and
to construct useful algorithms.

In Section 8.1, we define terms and discuss some key properties of
subgradients and subdifferentials. Subdifferentials are related to the directional
derivatives of a function, as we describe in Section 8.2. We give elements of
a calculus of subdifferentials in Section 8.3, stating in the process a useful
result known as Danskin’s theorem. We examine the indicator function of a
convex set in Section 8.4 and show that the subdifferential of this function is
identical to the normal cone to this set. This fact has several consequences for
the way we formulate optimization problems over convex sets. In Section 8.5,
we examine functions that are the sum of a smooth function and a convex
(possibly nonsmooth) function and investigate optimality conditions for such
functions which are common in data analysis. Finally, in Section 8.6, we
define the proximal operator and the Moreau envelope, concepts that are
important in defining and analyzing the fundamental algorithms discussed in
Chapter 9.

! The maximum eigenvalue is a convex function because it can be defined by max;y,=1 vT Av,
which is a supremum over an infinite number of functions that are /inear in the elements of A.
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8.1 Subgradients and Subdifferentials

In this section, we allow the convex function f to be an extended real-valued
convex function, by which we mean that it is allowed to take infinite values at
some points. (In some later discussions, we will restrict f to have finite values
at all x.) We state some useful definitions.

o The effective domain of f, denoted by dom f, is defined to be the set of
points x € R” for which f(x) < oo.
« The epigraph of f is the convex subset of R**! defined by

epi f :={(x,1) e Q xR: t > f(x)}. (8.1)

« fis a proper convex function if f(x) < 400 for some x € R” and
f(x) > oo forall x € R". All convex functions of practical interest are
proper.

« fisaclosed proper convex function if it is a proper convex function and
the set {x € R": f(x) <1}isaclosedsetforallf € R.

o fis lower semicontinuous at x if for all sequences {yx} such that y; — x
we have liminfy_ oo f (k) = f(x).

We define the subgradient and subdifferential as follows.

Definition 8.1 Given x € dom f, we say that g € R" is a subgradient of f
at x if

f(@2) > f(x)+g"(z—x), forallz e dom f.

The subdifferential of f at x, denoted by df (x), is the set of all subgradients
of f at x.

It follows immediately from this definition that df (x) is closed and convex,
for all x (see the Exercises). Note that if z is outside the effective domain of f,
we have f(z) = oo, and the inequality in Definition 8.1 is satisfied trivially.
Thus, there is no need to restrict z to dom f in the preceding definition, and
we can use instead the following requirement:

f@) > fx)+g'(z x), forallzeR" (8.2)

Definition 8.1 leads immediately to a characterization of the minimizer of a
convex function.

Theorem 8.2 (Optimality Conditions for Convex Function) The point x* is a
minimizer of the convex function f if and only if 0 € af (x™).
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Figure 8 1 Theorem 8 3 illustrated: g € df(x) if and only if (g. 1) defines a
supporting hyperplane to epi f at x.

Proof It 0 € 9f(x*), we have, by substituting ¢ = 0 into (8.2), that f(z) =
f(x*) for all z € R", confirming that x* is a global minimizer. Conversely,
if f(z) = f(x*) for all z € dom f, then g = 0 satisfies Definition 8.1, so
0eaf(x*). m|

Each subgradient can be identified with a supporting hyperplane to the
epigraph of f. (The term “supporting hyperplane” is defined in Theorem
A.15.) We have the following result, which is illustrated in Figure 8.1.

Theorem 8.3 ¢ € df (x) ifand only if (g. 1) defines a supporting hyperplane
to epl f at the point (x, f(x)) — that is,

T
I:—gl:l H::] I:ffx)“ <0 forall (v,1) € epi f.

Proof Given a supporting hyperplane defined by (g, 1) at (x, f(x)), we have
for any vy that (v, f(¥)) € epi f and, therefore,

T
0= [31] [f(v}i j“(x)] =g'v x) (f(») f&x)
< f(“) 2 f(x) + gT{}' x}‘

which implies that g € df (x). For the converse, given g € df (x), we have for
any (y.f) € epi f that f(y) > f(x) + gT(y x)andt = f(y). Thus,

T T
L =[] Lo el =0
b fol=L 1 Lf»m feof=~

proving that (g, 1) defines the supporting hyperplane. o

We now prove a sufficient condition for existence of a subgradient.
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Lemma 8.4 A subgradient g of f exists at x if x is in the interior of the
effective domain of f.

Proof The assumption implies that there is € > 0 such that all f(x + w) < oo
for all w with |Jw| < €. Since (x, f(x)) is on the boundary of the convex
set epi f, the supporting hyperplane result, Theorem A.15, implies that there
exists a vector ¢ € R" and a scalar 8 € R — where at least one of ¢ and 8 must
be nonzero — such that

T
C Z X .
[ﬂ} <H [f(x)D =0, forall (z,7) € epi f. (8.3)

We cannot have 8 > 0, since we are free to drive ¢ to 400, and (8.3) will fail
to hold for sufficiently large ¢. If 8 = 0, we must have that ¢ # 0. But then if
we set z = x + ec/||c|| in (8.3), we would have €||c||> < 0, which does not
hold. Thus, we must have § < 0. By setting t = f(z) in (8.3), rearranging,
and dividing both sides by — 8, we obtain

=2 <—BUf@)— fX) = f@) = F)+ (—¢/B) (z - x),

which implies that —c/g is a subgradient of f at x. O

Lemma 8.4 shows that when x is in the interior of the effective domain, the
subdifferential df (x) is nonempty. The same condition implies that df (x) is
bounded and, in fact, compact, as we show next.

Lemma 8.5 If x is in the interior of the effective domain of f, the subdifferen-
tial 9f (x) is compact.

Proof As in the proof of Lemma 8.4, there exists € > 0 such that f(x + w) <
oo for all ||w| < €. Suppose, for contradiction, that df (x) is unbounded. Then
we can choose a sequence {gr} with gx € df(x) for all k = 1,2,... and
llgk |l = oc. Since all normalized vectors gx /|| g« |l are in the unit ball, which is
compact, we can assume by taking a subsequence if necessary that gz /| gk || —
g for some g with ||g]| = 1. Note that ngg/||gk|| — 1, from which it follows
that ng g& — oo. From the definition of subgradient, we have

f(x+eg) > f(x)+egls k=12...,

so by driving k — oo, we deduce that f(x + €g) = oo, yielding the
contradiction.

We have proved boundedness. Since, as we remarked earlier, df (x) is
closed, compactness follows, completing the proof. O
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If f is convex and differentiable at x, the subgradient coincides with the
gradient.

Theorem 8.6 If f is convex and differentiable at x, then 3f (x) = {V f(x)}.

Proof Differentiability of f implies that for all vectors d € R" with ||d|| = 1,
we have f(x +td) = f(x) + tVf(x)Td + o(Jt]) (see (2.6)). In particular,
f is finite at all points in the neighborhood of x, so x is in the interior of the
effective domain of f, so it follows from Lemma 8.4 that df (x) is nonempty.

Let v be an arbitrary vector in df (x). From Definition 8.1, we have for any
d # 0 that

fx+td)= fx)+tVFx)Td+o()
> fx)+rv'd = (V) vld=om/t,
and it follows by taking # | O that (Vf(x) v)Td > 0. By setting d =

v V f(x),wehave |d|? > 0,whichimpliesthatd = 0,sothatv = V f(x),
proving the result. O

A converse of this result is also true: If the subdifferential of a convex
function f at x contains a single subgradient, then f is differentiable with
gradient equal to this subgradient (see Rockafellar, 1970, theorem 25.1).

8.2 The Subdifferential and Directional Derivatives

We turn now to directional derivatives. Given a function f: R — R, the
directional derivative of f at x € dom f in the direction v # 0 is denoted
by f’(x;v) and defined by

Jx+av)  fx)

o

(8.4)

"(x;v) :==1i
CH)) lim

This definition holds for any function f, but our focus here is again on convex
functions.? The definition suggests that a direction v for which f’(x;v) < 0
is a descent direction for f and, thus, a useful direction when our goal is to
minimize f. In this context, note that directional derivatives in all directions
are nonnegative if and only if x* is a minimizer of f.

Theorem 8.7 Suppose that f is a convex function. Then, for some x* € dom f,
f'(x*;v) > 0 for all v if and only if x* is a minimizer of f.

2 Note that the limit can be infinite when f is an extended-value convex function. For example,
the convex function f: R — R that has £(0) = 0 and f(t) = 400 fort # 0 has f'(0,v) = +o0
forall v # 0.
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Proof If x* is a minimizer of f, then f(x* + av) > f(x*) forall > 0
and all v, so it follows directly from the definition (8.4) that f/(x*;v) > 0.
Conversely, suppose that x* is not a minimizer of f. Then there exists some
z* € dom f with f(z*) < f(x™), and for any o € (0, 1), we have

fOa*+aE X)) =1 a)f@")+af@h),
and so

f&* o x)  fO&x)

o

< f@" f(x*) <0, foralla € (0,1).

By taking limits as @ | 0 and using (8.4), we have f/(x*;z* x*) < f(z*)
f(x*) < 0, completing the proof. O

In the remainder of this section, we explore the relationship between
directional derivatives and subgradients, showing that knowledge of the subd-
ifferential makes it possible to compute descent directions for f.

For f convex, we have that the ratio in (8.4) is a nondecreasing function of
o; that is,

fataw) f@) _ fl+av) f(X)_

o] o2

O<a; <oy =

(8.5)

(The proof is a consequence of the definition of convexity; see the Exercises.)
We can thus replace the definition (8.4) with

Faiv) = nf LETEV SO

a>0 o

(8.6)

It follows from these definitions that the directional derivative is additive; that
is, for two convex functions fj and f>, we have

(fi + ) (x50) = fl(x;0) + fr(x;0). (8.7)
Moreover, it is homogeneous with respect to the direction; that is,
f(x;av) = Af (x;v), forall A > 0. (8.8)

(We leave proofs of these results as Exercises.) Moreover, f/(x;v), regarded
as a function of v, for fixed x, is a convex function. We see this from the
following elementary argument: Given vy and v and y € (0,1), consider
f'(x;yvr + (1 — y)vp), for which we have
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feyvi+ 1 y)v)
fx+ayvi+al pv) fx)

= lim p
— lim Sy +avp+ (1 p)x+av)) pyflx) A p)fx)
al0 o
<lim y(f(x +av) — f() + 1 = py)(f(x +avz) — f(x))
a0 o
— ylim fx +avy)  fx) L p)lim fx +avy)  fx)
al0 o al0 o

=yfxv)+ 1 p)f(xv).

It follows from the definition (8.4) and Taylor’s theorem (specifically, (2.3))
that if f is differentiable at x, we have, for any v € R", that

Jx +av) = f(x)

/ ’ =l
f(xv) alf%

o
\V/ T
= lim fx +yav) (@v) for some y € (0,1)
al0 o
=Vfx)v.
Thus, in particular, we have
f'(x;v) = f'(x; v) when f is differentiable at x. (8.9)

This equality is not true for nonsmooth functions at points of nondifferentiabil
ity. For example, the hinge loss function /(r) = max(¢,0) has 4'(0; 1) = 1 but
K'(0; 1) = 0. Similarly, the absolute value funtion A (¢) = |¢| has 2(0;1) = 1
and A'(0, 1) = 1. We give a generalization of (8.9) in Corollary 8.9.

It follows from the second definition (8.6) that for convex f, the directional
derivative f’(x;v) has a property reminiscent of the subgradient (compare with
Definition 8.1):

fx+av) > f(x) +af (x;v), foralla > 0. (8.10)

Related to this observation, we can prove the following result.

Theorem 8.8 Suppose that x is in the interior of the effective domain of the
convex function f. Then, for any v € R”", we have that

flx;v)= sup gl (8.11)
8€3f (x)
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Proof From (8.6), we have for any g € df (x) that

T
faton fe) ey o

f'(x;v) = inf
a>0 o a>0 o

so that
fe;v) > gTv forall g € 9f(x). (8.12)

Because df (x) is closed, we obtain equality in (8.11) if we can find g €
df (x) such that f'(x;v) = g7 v. For this, we use the convexity of f'(x;y) with
respect to its second argument y for all y € R” (proved earlier). By Lemma 8.4,
there exists a subgradient of f”(x;-) at v; let us call it g. By the definition of
subgradient, together with (8.8), we have, for all A > 0 and all y, that

A () = flosay) = fi(v) + 87 (y — v). (8.13)
Letting A 1 0o, we have that 37y < f/(x;y). By the definition (8.6), we have

f+3) = fx) = inf Tt -7 =f'(x;y)=§"y, forally e R",
o> o

which implies that g € 3f (x), so by (8.12), we have that f'(x;v) > g7 v. On
the other hand, by taking A = 0 in (8.13), we have that f'(x;v) < §Tv. There
fore, f'(x;v) = &7 v for this particular § € df (x), completing the proof. O

An immediate corollary of this result leads to a generalization of (8.9).

Corollary 8.9 Suppose that x is in the interior of the effective domain of the
convex function f. Then, for any v € R", we have

flxv)y = fls ).
Proof From Theorem 8.8, we have

flos vy=suwp g7 vy=inf glv> sup glv= f(x;v).

g€df (x) 8€df (x) gedf (x)

]

We conclude with another result that relates subgradients to directional
derivatives.

Theorem 8.10 Suppose that x € dom f for the convex function f, and that
there is some vector g € R" such that for all v € R", we have

flx;v) > gl

Then g € 3f (x).
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Proof By setting @y = 1 and «1 | 0 in (8.5) and using the definition (8.4), we
have

¢Tv < fl(x;v) < f(x +v) — f(x), forallveR"

Thus, g satisfies the definition (8.2), so that g € 9f (x). m]

8.3 Calculus of Subdifferentials

In this section, we describe the properties of subdifferentials that are the key to
calculating subgradients. Unlike for differentiable functions, there are only a
few rules that are commonly used in practice, involving positive combinations,
combinations with linear mapping, and partial maximization. We collect these
rules here in Theorems 8.11, 8.12, and 8.13. (Proofs of Theorems 8.11 and 8.12
appear at the end of this section.)

We start with some elementary rules of subdifferential calculus.

Theorem 8.11 Supposing that f, f1, and f> are convex functions and « is a
positive scalar, the following is true.

a(f1+ f2)(x) D afi(x) + dfa(x), (8.14)
3ef)(x) = adf (x). (8.15)

If, in addition, x is in the interior of the effective domain for both fi and f>,
then equality holds in (8.14); that is, d(f1 + f2)(x) = 9f1(x) + 3f2(x). In
particular, if f1 and f; are finite-valued convex functions, then o( f1+ f2)(x) =
af1(x) 4+ af2(x) for all x.

We emphasize that the relationship in (8.14) is not an equality in general.
We will see an example of strict inclusion in the next section. However,
equality holds in some interesting special cases (see, for example, Burachik
and Jeyakumar, 2005).

The next result allows us to compute the subdifferential under affine
transformations.

Theorem 8.12 (Bertsekas et al., 2003, Theorem 4.2.5(a)) Suppose that
f: R™ — R is a convex function and defines h(x) := f(Ax + b) for some
matrix A € R™" and vector b € R™. Suppose that Ax + b is in the interior
of dom f. Then dh(x) = AT3f (Ax + b).

The third result is Theorem 8.13, known as Danskin’s theorem, which
shows us how to compute the subdifferential of a function that is defined as the
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pointwise maximum of a possibly infinite set of functions. Such functions are
ubiquitous objects in optimization, particularly in data analysis applications.

The setup is as follows. Let I C R" be a compact set. (Sets / with finite
cardinality are a useful special case.) Let ¢: R? x I — R be a family of
functions, continuous in (x,i), and assume that each ¢(-,i), i € I, is convex.
We define

f(x) ;= max ¢(x,i). (8.16)
iel

Note that f is convex, because it is the pointwise maximum of convex
functions (see the Exercises). Following Section 8.2, we denote the directional
derivative of ¢(,i) at x in direction y by ¢'(x,i;y). For each x, we define
Imax (x) to be the subset of I for which the maximum is achieved in (8.16);
that is,

Imax (x) 1= argr;lg;w(x»j) ={: f) = )} (8.17)

Note that Iiax (x) is nonempty (by compactness of /) and compact for all x,
by continuity of ¢ (x, ) with respect to its second argument. Danskin’s theorem
describes the directional derivatives and subdifferentials of f. (Interestingly,
this theorem first arose out of cold war research by Danskin and appeared
in a 1967 monograph called The Theory of Max-Min and Its Applications to
Weapons Allocation Problems (Danskin, 1967).)

Theorem 8.13 (Danskin’s Theorem) (a) The directional derivative of f
defined by (8.16) at x in direction y is given by

f/(x,y) = max ¢'(x,i;y).
i € Imax ()
(b) If; in addition to the conditions on the function family ¢ stated earlier, we
have that ¢(-,1) is a differentiable function of x for alli € I, with
Vi@(x, ) continuous on I for all x, then

af (x) = conv{Vy@(x,i): i € Imax(x)}.

We refer to Bertsekas (1999, section B.5) and Bertsekas et al. (2003,
proposition 4.5.1) for proofs of Theorem 8.13, which are quite technical.

We now provide proofs of Theorems 8.11 and 8.12. Generally speaking,
one direction of the inclusion is quite straightforward, while the other direction
requires a separating hyperplane argument. Practitioners can skip these proofs,
but we note that the arguments are of interest in that they highlight some
important structural aspects of convex optimization.
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Proof of Theorem 8.11 The proofs of (8.14) and (8.15) are immediate conse-
quences of the definitions of subgradients. For the case in which x is in the
interior of both dom f; and dom f;, Lemmas 8.4 and 8.5 show that dfj(x),
af2(x), and d(f1+ f2)(x) are all nonempty, convex, and compact sets. Suppose
for contradiction that the inclusion (8.14) is strict in this case; that is, there
exists g € d(f1+ f2)(x) suchthat g ¢ df)(x)+df>(x). By the strict separation
result Lemma A.12, setting X = (df1(x) + df2(x)) { g}, there is a vector
t € R" and a scalar @ > 0 such that

T(g1+g)<ilg—a forallg €dfi(x)andall gr € 3f>(x).

From results about the relationship between subdifferentials and directional
derivatives (8.7) and Theorem 8.8 we have

(fi+ f2) (i) = fi(x:0) + fo(x:0)
T

= sup glt+ sup gli<ilg a<g't
81€9f1(x) 82€09f2(x)

Thus, by Theorem 8.8, we have g ¢ d(f1 + f2)(x), a contradiction.
When f; and f, are finite valued, we have dom f; = dom f, = R", so that
the effective domain condition holds for all x € R”, and the result follows. 0O

Proof of Theorem 8.12 Since Ax + b is in the interior of dom f, x is in the
interior of dom 4. Thus, by Lemmas 8.4 and 8.5, the subdifferentials 9/ (x) and
df (Ax +b) are nonempty and compact. From the definition (8.4) of directional
derivatives, it follows that

h(x;y) = f'(Ax + b; Ay), foranyy € R".
From Theorem 8.8, we have, for any z € R, that
¢z < f/(Ax +b;z) forallg € df (Ax + b).
By setting z = Ay, we have
(AT9)"y = g"(Ay) < f/(Ax + b; Ay) = I'(x1y), foranyy € R".

It follows from Theorem 8.10 that AT g € dh(x), and since this result holds
for all g € 9f (Ax + b), we have that ATBf(Ax + b) C dh(x).

To prove equality, suppose for contradiction that there is a vector v € 9k (x)
such that v ¢ ATaf(Ax + b). Since the set 2 := ATBf(Ax + b) is compact,
we invoke the strict separation result Theorem A.14 to deduce the existence of
a vector y and a scalar 8 such that

yI(ATg) < B < yTv, forall g € 3f(Ax +b).
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It follows by compactness that

sup (AnTg <y
g€df (Ax+b)

Theorem 8.8 then implies that
W (x,y) = f'(Ax + b; Ay) <y,

contradicting the assumption that v € 94 (x) and completing the proof. m}

8.4 Convex Sets and Convex Constrained Optimization

In this section, we study the connections between closed convex sets and the
indicator functions for those sets (which are extended-value convex functions
that is, they may take infinite values at some points).

Let 2 C R" be a convex set (see (2.14) for the definition of convexity). The
indicator function I for a convex set €2 is defined by

0 if x € ,

Iox) =
al) :oo ifx ¢ Q.

This function is convex, extended valued (except for the trivial case Q2 =
R"), and has dom I = €. When  is a closed set, Io(x) is also lower
semicontinuous. We have the following result.

Theorem 8.14 For a closed convex set 2 C R", we have that No(x) = d1g(x)
forall x € Q.

Proof Given v € Ng(x), we have
Ia(y) Iox)=0 0=0>v"(y x), forallye Q =domlgq,

which implies that v € 9Iq(x), by Definition 8.1. For the converse, suppose
that v € 9/ (x), so we have

0=1Iqo(y) > Iox)+v(y x)=v'(y x), foralye,

which implies that v € Ng(x), completing the proof. O

In optimization, we often deal with sets that are intersections of closed con-
vex sets. We have the following result for normal cones of such intersections.
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()
}\.;22(0) U | Qgﬂ)

Figure 8.2 Example for which strict inclusion holds in (8.18).

Theorem 8.15 Ler Q;, i = 1,2,....m be closed convex sets and let Q@ =
Ni=1.2. .m 2. Then, for x € Q, we have

NQ(X):)NQJ(I}+NQE(I)+“'+Nﬁm(x). (8.18)

Proof This follows immediately from (8.14) when we make the identification
in Theorem 8.14. For a direct proof, we can proceed as follows. Consider
vectors v; € Ng,(x) foralli = 1,2,...,m, and define v := ) /. v;. Letz be
any point in the intersection Q = N7_, ;. Since z € Q;, we have Uf(z —x) <
Oforalli = 1,2, ... ,m,sothatv! (z —x) = oo, v)T(z—x) <0, and thus,
v e Ng(x). [}

The following example, illustrated in Figure 8.2, shows that strict inclusion
can hold in (8.18). Define the following two convex subsets of R

Q= eR?:x <0}, Q:={xeck: (x 1)2—0—)522 =1}, (8.19)

for which clearly €; N €, = {0}. The normal cones at the interesting point
0 are

Nn.(m:‘[‘g]: vy 30}, stg(m:{[‘g]: vy 50}, No,ng,(0) = B>

Since Ng, (0)+Ng, (0) = Rx {0}, strict inclusion holds. Note that this example
also shows that strict inclusion can hold in (8.14), when we identify the normal
cones with indicator function subdifferentials, as in Theorem 8.14.

Additional conditions are sometimes assumed to ensure that equality
holds in (8.18); these conditions are called constraint qualifications. Some
constraint qualifications are expressed in terms of the geometry of the sets
while others focus on their algebraic descriptions. One common theme among
constraint qualifications is that a linear approximation of the sets near the
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point in question needs to capture the essential geometry of the set itself in a
neighborhood of the point. This is not true of the preceding example, where the
tangents (linear approximations) to both €2; and €25 at x = 0 are half-planes
bounded by the vertical axis, so the intersection of their linear approximations
is also the vertical axis. On the other hand, the actual intersection of the two
sets is the single point {0}, which is a set with entirely different geometry.

Recall from Chapter 7 the problem of minimizing a smooth convex function
f over a closed convex set €2 (7.1). We showed in Theorem 7.2 that first
order necessary condition for optimality of x*is  V f(x*) € Nq(x*). Because
of the identity in Theorem 8.14, we can write this condition alternatively as
follows:

0e V™) +alg(x™). (8.20)
Moreover, by (8.14) and Theorem 8.6, it is a consequence of (8.20) that
0€d(fx™) + In(x™). (8.21)

From Theorem 8.2, this condition in turn is true if and only if x* is a minimizer
of the “unconstrained” problem

ffgn F )+ Ig(x),

and we can see easily that this problem is equivalent to (7.1).

8.5 Optimality Conditions for Composite
Nonsmooth Functions

We now consider first-order optimality conditions for functions of the form

¢(x) == f(x) + ¥ (x), (8.22)

where f is a smooth function and i is (possibly) nonsmooth, convex, and
finite valued. (Because of the latter property, the effective domain of v is the
entire space R", so we can apply such results as Theorem 8.11 for all x.) We
encounter this type of objective often in machine learning applications; see
Chapter 1.

We deal first with the case in which f is convex.

Theorem 8.16 When f is convex and differentiable and  is convex and finite
valued, the point x* is a minimizer of ¢ defined in (8.22) if and only if 0 €
V™) + oy (x™).
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Proof By Theorem 8.6, we have that df (x) = {V f(x)}, so by using the fact
that v (x) has effective domain R” and applying Theorem 8.11, we have

99 (x) =V f(x) + 0y (x).
The result follows immediately from Theorem 8.2. O

When f is strongly convex, the problem (8.22) has a minimizer and it is
unique.

Theorem 8.17 Suppose that the conditions of Theorem 8.16 hold and, in
addition, that f is strongly convex. Then the function (8.22) has a unique
minimizer.

Proof We show first that for any point x° in the domain of ¢, the level set
{x]o(x) < $(x?)} is closed and bounded, and hence compact. Suppose for
contradiction that there is a sequence {x¢} such that [x¢] — oo and

FOo + Y < 60 + v (0. (8.23)

By convexity of ¥, we have that v > v 4+ g7t xY) for any
g € 3y (xY). By strong convexity of f, we have for some m > 0 that

FaH = FEO)+ VAT 1)+ %ux‘ X2,

By substituting these relationships in (8.23), and rearranging slightly, we
obtain

%nx‘ O < (VY TGt X0 < IVAEY) +gllixt X0

2/m) ||V f(x%) + g| for all ¢, which contradicts unboundedness of {x*}.
Thus, the level set is bounded.

Since ¢ is continuous, it attains its minimum on the level set, which is also
the solution of min, ¢ (x), and we denote it by x*. By Theorem 8.16, we have
that there is g € d¢(x*) such that 0 = V f(x*) + g = 0. By strong convexity
of f, we have for any x # x™ that

By dividing both sides by (m/2)[x*  x°||, we obtain |x¢ x°| <

FO)+FP@) > fE)+HYED+ VD + 1%
+ %ux xR > FO) + ),
proving that x* is the unique minimizer. O

For the more general case in which f is possibly nonconvex, we have a
first-order necessary condition.
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Theorem 8.18 Suppose that f is continuously differentiable and  is convex
and finite valued, and let ¢ be defined by (8.22). Then if x* is a local minimizer
of ¢, we have that 0 € V f (x*) + 9y (x™).

Proof Supposing that 0 ¢ V f(x*) 4+ 9y (x*), we show that x* cannot be a
local minimizer. We define the following convex approximation to ¢ (x + d):

o) = fFH + VI HTd +y(* +d),

By continuous differentiability of f, we have that, for all « € [0, 1] and for
any d, ¢p(ad) = ¢(x + ad) + o(«||d||). Since, by assumption, 0 ¢ dp(0) =
V f(x*)+3v (x*), we have from Theorem 8.2 that 0 is not a minimizer of ¢(d).
Hence, there exists d with q;(c? ) < ¢_5(0), so that the quantity ¢ := cﬁ(O) (]S(J )
is strictly positive. By convexity of ¢, we have for all & € [0, 1] that

P(ad) < $(0) a@0) o) =¢E") ac
and, therefore,
d(* +ad) < p(x*) — ac + o(x||d])).

Therefore, ¢ (x* + ad) < ¢(x*) for all « > 0 sufficiently small, so x* is not a
local minimizer of ¢. ]

8.6 Proximal Operators and the Moreau Envelope

We define here the proximal operator that is a key component of algorithms for
regularized optimization, and we analyze some of its properties in preparation
for convergence analysis of proximal-gradient algorithms in Section 9.3. The
proximal operator is a powerful generalization of Euclidean projection and it
enhances our nonsmooth optimization toolbox considerably.

For a closed proper convex function 4, we define the proximal operator, or
prox operator, of the function £ as

1
prox 5 (x) := arg min {h(u) + Ellu x||2} . (8.24)

Note that this is a well-defined function because of the strong convexity of the
Euclidean norm.

When h(x) = Ig(x), the indicator function for a closed convex set €2,
prox s, (x) is simply the Euclidean projection of x onto the set €2, as we see
from the following argument:
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. 1 2 . 1 2
proxIQ(x)_argmum{lg(u)—}-zllu x|l }_arggggznu x||°.

Proximal operators are more general than Euclidean projections, but they
satisfy a similar nonexpansiveness property.

Proposition 8.19 Suppose h is a convex function. Then

[prox x(x)  prox, (VI < llx  yll.

Proof From optimality properties, we have from (8.24) that
0 € dh(prox ,(x)) + (prox(x) x). (8.25)
Rearranging these expressions, at two points x and y, we have

x — prox ,(x) € d(prox ,(x)), y —prox,(y) € d(prox,(y)).

Now, for a convex function f, it follows from the definition of subgradients
thatif a € 9f (x) and b € 3f(y), we have (a T (x y) > 0. By applying
this inequality, we have

(¢ proxp@) (v prox ()" (prox,(x)  prox(y)) = 0,

which, by rearrangement and application of the Cauchy—Schwartz inequality,
yields

lIprox s, (x) — prox s (M [1* < (x — »)7 (prox 4 (x) — prox ,(y))
< llx = yll llprox »(x) — prox ; (M),

from which we obtain the proposition. O

We note several special cases of the prox-operator that are useful in later
chapters.

o h(x) = 0 for all x, for which we have prox ; (x) = x. Though trivial, this
observation is useful in proving that the proximal-gradient method of
Chapter 9 reduces to the familiar steepest-descent method when the
objective contains no regularization term.

e h(x) = Allx||1. By substituting it into definition (8.24), we see that the
minimization separates into its n separate components and that the ith
component of prox .|, is

, 1
[prox .., li = arg min {/\Iuil + i(ui xi)2} .
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It is straightforward to verify that

Xi — A ifx,- > A
[prox ., )] = 10 ifx; e[ AA] (8.26)
xi+A ifx; < —A,

an operator that is known as soft thresholding.

e h(x) = Al|lx|lo, where ||x||o denotes the cardinality of the vector x, its
number of nonzero components. Although this /4 is not a convex function
(as we can see by considering convex combinations of the vectors (0, nt
and (1,0)7 in R2), its prox-operator is well defined to be the hard
thresholding operation:

[ ] xi o if x| = /24
TOX . X)|; =
PROXAI M= 0 g 1| < /20

For the cardinality function, the definition (8.24) separates into n individual
components, and the fixed price of A for allowing u; to be nonzero is not
worth paying unless |x;| > +/2A.

The proximity operator is closely related to smooth approximations of
convex functions. For a closed proper convex function 4 and a positive scalar
A, we define the Moreau envelope as

s 1 2| _ L. 1 2
M. p(x) = ul}f{h(u) + leu — x| } = xul}f{)»h(u) + 5”” — x| } .
(8.27)

The Moreau envelope can be seen as a smoothing or regularization of the
function 4. It has a finite value for all x, even when & takes on infinite values
for some x € R”. In fact, it is differentiable everywhere: Its gradient is

1
VM) p(x) = X(X prox ;4 (x)).

Moreover, x* is a minimizer of /4 if and only if it is a minimizer of M,_j, for
any A > 0.
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Notes and References

Some material of this chapter is from the slides of Vandenberghe (2016) on
“Subgradients.”

Further background on Moreau envelopes and the proximal mapping is
given by Parikh and Boyd (2013).

The classical reference on convex analysis is the book of Rockafellar
(1970), which contains much of the fundamental material on subdifferentials
and their calculus (along with a great deal else). A more recent treatment with
an emphasis on optimization is Bertsekas et al. (2003); we make use of two
results from this text in Section 8.3. A proof of Danskin’s theorem can also be
found in Bertsekas et al. (2003, proposition 4.5.1).

Exercises

1. Prove that if f is convex and x € dom f, the subdifferential df (x) is
closed and convex.

2. Prove (8.5) by applying the definition (2.15) of a convex function.

3. Show that any norm f(x) := ||x|| has O as a subgradient at x = 0; that is,
0 € af(0). Show that f(x) is not differentiable at x = 0. (Reminder: A
norm | - || has the properties that (a) ||x|| = 0 if and only if x = 0; (b)
llax| = |a|||x]| for all scalars « and vectors x; (¢) |x + y|| < |lx|l + |||l
for all x,y.)

4. Prove the additivity property (8.7) and the homogeneity property (8.8) of
directional derivatives.

5. For the following norm functions f over the vector space R”, find af (x)
and f'(x;v) for all x and v:

(a) The £1 norm: f(x) = ||x|
(b) The £oo norm: f(x) = ||x]l0o
(c) The £, (Euclidean) norm: f(x) = ||x||2

6. Show that the pointwise maximum function f defined by (8.16) is
convex, under the stated conditions on ¢(x,i) for x € RYandi € I,
where [ is a compact set.

7. Find the subdifferential of the piecewise linear convex function
f: R" — R defined by

f(x) = max al-Tx + b;,
i=1,2,...m

where q; e R" and b; e R,i =1,2,...,n.
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8. Suppose that f is defined as a maximum of m convex functions; that is,
f(x) :=max;=1,2, .m fi(x), where each f; is convex. Show that, for any
x in the interior of the effective domain of f, we have

Af (x) = Y nviiv€dfi), =0, Y =1t
it fit)=f(x) it fi)=fx)
(Hint: The technique in the proof of Theorem 8.11 may be useful.)
9. (a) Show that I is a convex function if and only if €2 is a convex set.
(b) Show that 2 is a nonempty closed convex set if and only if Ig(x) is a
closed proper convex function.

10. Show that a closed proper convex function % and its Moreau envelope
M, 1, have identical minimizers.

11. Calculate prox ;(x) and M) ,(x) for h(x) = %||x||§.
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Nonsmooth Optimization Methods

The steepest-descent method for smooth functions f, described in Chapter 3,
is intuitive in that it follows the negative gradient direction at each iteration,
which is a guaranteed direction of descent for f. Generalizing this method to
nonsmooth functions f is not straighforward, as the “gradient” is not unique
in general, even for convex f, as we saw in Chapter 8. A natural idea would
be to choose the search direction to be the negative of a vector from the
subdifferential df, but such a direction may not give descent in f.

Consider the absolute value function f(x) = |x|, where x € R. At the
minimizing value x = 0, the subdifferential is 9|0] = [ 1, 1], and any vector
drawn from this interval (except for the very special choice g = 0) will step
away from O and thus increase the function value. The situation is similar
in higher dimensions. Consider the two-dimensional function f: R> — R
defined by

fxx2) = x| + 2|x2|,

whose optimum is (0,0). At the point (1,0), the subdifferential is the
compact set

af(1,0) = {(L,z) 2] = 2}.

For the particular subgradient g = (1,2), the directional derivative in the
negative of this direction is

F(1,00;(=1, —=2) = sup —g1 —2g =—1+4=3,
gedf(1,0)

showing that the function increases along this direction. These trivial exam-
ples, and the example f (x) = max(al x + by,al x + by) for x € R? illustrated
in Figure 9.1, show that it is not obvious how to design a method that follows
subgradients.

153
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Figure Y 1 Subgradient of a function f(x) = max(fr{.t + b].azrx + by) that is
the max of two planes defined by vectors a; and a». Given a point x at which both
planes achieve the maximum, the subgradient is df (x) = {ha; + (1  Aaz|i e
[0,1]}. The set of points {x — g |g € 3f(x)} is a line segment (illustrated). The
shaded region is the set of points with a smaller function value than f(x) Note
that some points of the form x —ag forw = O and g € 9f(x) have f(x —ag) =
f(x). However, there are other points with the same form for which f(x —ag) =
f(x) foralle = 0 That is, some but not all negative subgradients yield descent

in f.

However, methods based on subgradients exist and are effective, and we
describe several of them in this chapter. First, in Section 9.1, we show how
to compute the direction of steepest descent of a convex nonsmooth function,
showing that this direction is the negative of a particular subgradient the one
that achieves minimum norm among all those in the subdifferential. Second, in
Section 9.2, we show how using carefully selected steplengths and averaging of
iterates will allow us to follow arbitrary subgradients, even ones that increase
the function, and still get provable convergence behavior over the long term.
(Convergence of these methods is quite slow, both in theory and practice.)
Third, in Section 9.3, we describe proximal gradient methods, which exploit
the structure of some interesting special cases of nonsmooth functions to
obtain faster convergence than subgradient methods. Fourth, in Section 9.4,
we describe the proximal coordinate descent method, an extension of the
coordinate descent approaches of Chapter 6 to a class of nonsmooth functions —
namely, a composite nonsmooth objective in which the (possibly nonsmooth)
regularization term is separable in the components of x. Finally, in Section 9.5,
we present the proximal point method, a fundamental method that is potentially
useful for minimizing all convex functions, smooth and nonsmooth alike.
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Throughout this chapter, we focus on convex objectives, although some of
the techniques can also be applied in nonconvex settings.

9.1 Subgradient Descent

When x is not a minimizer of f, the subdifferential df (x) always contains
a vector g such that g is a descent direction for f. The vector gmin with
minimum norm in df (x) has this property, and, in fact, gmi, is the direction
of steepest descent. We define

in 1= arg min . 9.1
8min gzeaf(x) llzll2 9.1
Note that gni, exists and is uniquely defined when df (x) is nonempty, since

af (x) is always closed and convex.

Proposition 9.1 For a convex function f, and x € dom f that is not a
minimizer of f, the vector —gmin defined from (9.1) is the direction of steepest
descent for f at x.

Proof Note that for all ¢ € 9f (x) and all 7 € [0, 1], we have
gmin +1(& — gmin) I* = llgminll*.
We have by expanding the left hand side of this expression that
(gmin.&  gmin) = 0, forall g € 3f (x).
It follows that (g, gmin) > |l €min ||§ for all g € 3f (x), so that

f/(x; gmin) = SUP { gmin, &) = inf (gmin,g&) = |l gmin”%a
g€df (x) geaf (x)

proving that  gpin is a descent direction whenever it is nonzero. To see that
Zmin 1S the steepest descent direction, we use a min-max argument. Note that

inf f'(x;v) = inf sup (v,g)

lvll<t II<1 gedfr)
> sup inf (v,g) = sup —lgll=—lgmul. (9.2)
gedf () Ivl=1 gedf (x)

The inequality in this expression follows from weak duality, which says that
for any function ¢(x, z), we have

infsup ¢(x,z) > supinf@(x,z).
X z z X

(See Proposition 10.1.) In fact, we attain equality in (9.2) by setting v =
gmin/||§min|- O
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Example 9.2 Consider the function f(x) = || x|, whose minimizeris x = 0.
At any nonzero x, the subdifferential d||x||; consists of vectors g such that

{+1} if x; >0
gel( 1} ifxy <0
[—1,1] if x; = 0.

The minimum norm subgradient is thus gmin, Where

+1 ifx; >0
(&min)i = 1 ifx; <0
0 ifx,' =0.

Proposition 9.1 suggests a natural algorithm for minimizing convex, nons
mooth functions: Compute the minimum norm element of the subdifferential
and search along the negative of this direction. The problem with this approach
is that the process of finding the full subdifferential and computing its
minimum-norm element might be prohibitively expensive. Bundle methods are
algorithms that are inspired by this approach. Typically, these methods assume
that a single subgradient is obtained at each iteration, and they approximate
the subdifferential by the convex hull of subgradients gathered at recent iter-
ations. This “bundle” of subgradients needs to be curated carefully, removing
elements when they appear to be too far from the current subdifferential. (We
give some references for these methods at the end of the chapter.)

In the next section, we show that a naive algorithm that simply follows
arbitrary subgradients at each iteration can converge, under appropriate choices
of steplengths.

9.2 The Subgradient Method

At each step k of the subgradient method, we simply choose any element of
the subdifferential g¥ € 3 (x¥) and set

Though we have already pointed out that this method may take steps that
increase f, the weighted average of all iterates encountered so far, defined by

T T
xl = ATI Zakxk, where A7 := Zaj, 9.3)
k=1 j=1

is well behaved and may even converge to a minimizer of f.
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The analysis of this method is nearly identical to the proof of convergence
of the stochastic gradient method for convex functions with bounded stochastic
gradients. We assume that

llgllo <G, forall g € 3f(x) and all x.

Note that this assumption implies that f must be Lipschitz with constant G
(why?). We also denote by x* a minimizer of f and define

Dy = [lx' — x|, (9.4)

which is the distance of the initial point x! to a minimizer of f.

To proceed with our analysis of the behavior of the weighted-average iterate

T k+1.

x', we expand the distance to an optimal solution of iterate x

”xk-‘rl x ”2 k _ x*”2

llx* — g
= % — x*)? = 204 (g T (2F — 1) + @1k I?
12 2a(gHT R N+ a6 (95)

<|x* x

This expression looks the same as the basic inequality for the subgradient
method (5.26), except there are no expected values here. We can rearrange
(9.5) to obtain

1
— ||t x*||2+562a,§. (9.6)

1 1
ak(gHT (xF x*>s§||xk )2 5|

Since g" e af (xk ), we have, by the definition of subgradient, that

Fe5 et <@k 1. (9.7)

By multiplying both sides of (9.7) by a;x > 0, combining with (9.6), summing
both sides from k = 1 to k = T, and using convexity of f, we obtain

T
FGETY = fO*) <27 Y en(f (5 = F(x)

k=1

1 T T
S)\;lzz@xk P s ”2>+ Ve Z

k=1 k=1

1 T

1 1 2 T+1 2
<ol (I T ) 4 g T

D2+ G2y o2

< 2o 2 k=1 % 9.8)

2 21{:1 Ok
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We also immediately have the bound

T
min f (x") FOO) A7 D a6 F),

k=1
so our analysis works for both the weighted average of the first T iterates and
the best of these iterates.

9.2.1 Steplengths

Let us look at different possibilities for the steplengths oy, k = 1,2, . . ..

Fixed Steplength. First, we can just pick oy = « for all k. In this case, we
know from (9.8) that
D} + TG*a?

T *
f&xh) fG) = T

. 6D, .
The choice o = G \/"7 for some parameter 6 > 0 yields
_ DyG
FE e =i(oreT) =2 9.9)
f 2 ﬁ
and the bound is minimized when we set = 1.
Constant Step Norm. An alternative is to choose oy = ﬁ, so that the norm

of each step ax g is constant. A slight modification of the previous analysis
yields the bound

D} + Ta?
=T\ _ *y ~ 0
f(x ) FO) = Srar6
Setting @ = %, we obtain (9.9) again, matching the bound for fixed

steplength. Note that this choice of step depends only Dy (distance of x! to
optimality) and not the maximal subgradient norm G.

An interesting feature of both choices discussed so far is that the conver-
gence rate bound is not very sensitive to errors in the estimates of Dy and G.
Such errors can be captured in the parameter 6, and we see that the bound
increases by only the modest factor %(9 + 6~1) when 6 moves away from its
optimal value of 1.

Decreasing Steplength. The preceding fixed steplengths required us to make
aprior choice of T, the number of iterates to be taken. We now consider making
choices of oy that depend on k and that decrease as k increases. Such choices
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do not require us to choose T in advance, and they guarantee convergence to
the optimal value of f as the number of iterates goes to co.

From (9.8), we see that for any sequence oy > 0 such that oy — 0, but
Z,{Zl ay 1 coas T — oo, then

lim f(x") = f@x).
T—o0
This is particularly easy to see if ), a,% = M < oo, because we have, from
(9.8), that
T

D(z) +G? 21 0‘? - D% +G*M

T = T ’

2> 0 2) i1

and the left-hand side clearly tends to zero as T — oo. To see that this
approach works for general decreasing steplengths, we need to prove that

T 2
Zj:] O[j

T
Zj:l o

whenever ¢y tends to zero but ZZ:l oy diverges. We leave the proof of this
limit as an Exercise.

We close this section by deriving more quantitative bounds for an explicit
choice of steplength. Setting oy = %, we have

fah <

— 0, asT — oo,

D3+ G2y ! _ D§+G?0%(og T + 1)
2050 j2 T 20T

fGEhH - < (9.10)

The upper bound in the numerator comes from the Riemann sum bound

T
it
j=1 !

=1

L
;dtflogT—i—l,

while the lower bound in the denominator comes from
T T
ijl/z > ZT71/2 T2
j=1 j=1

Note that this bound tends to zero at a rate of log(T)/+/T. This is slightly
slower than the 1/+/T rate of a constant steplength, but we are guaranteed
asymptotic convergence to zero and can continue to iterate well beyond a fixed
number of iterations.

The alternative decreasing steplength choice oy o< k=7 for p € (0, 1) yields
a worse convergence bound than for p = 1/2 (see the Exercises).
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More sophisticated schemes for choosing steplengths involve a combination
of fixed and decreasing lengths. The steplength is fixed for a number of
consecutive iterations (sometimes called an epoch) and then decreased to a
smaller value, which again is fixed for a number of consecutive iterations.

9.3 Proximal-Gradient Algorithms for
Regularized Optimization

While provably correct, the 1/ +/T rate of the subgradient method is con-
siderably slower than the rates achievable for smooth functions. In this
section, we explore how to exploit the structure of the composite nonsmooth
objective function to accelerate convergence rates. In particular, we describe
an elementary but powerful approach for solving the problem

min ¢(x) := f(x) + 79 (x), .11

where f is a smooth convex function, ¥ is a convex regularization function
(often known simply as the “regularizer”), and t > 0 is a regularization
parameter. The technique we describe here is a natural extension of the
steepest descent approach, in that it reduces to the steepest descent method
analyzed in Theorem 3.3 applied to f when the regularization term is not
present (t = 0). The approach is useful when the regularizer i has a
simple structure that is easy to account for explicitly. Such is true for many
regularizers that arise in data analysis, including the £¢; function (¥ (x) =
llx]l1) and the indicator function for a simple set Q (Y (x) = Iq(x)), such
asabox Q = [l1,u1] ® [l,uz] ® --- ® [I,,,u,]. Moreover, as we will see,
the convergence rate will be dictated by the smooth part of the decomposition
in (9.11), even though the function ¢ is not smooth.

Each step of the algorithm is defined as follows:

K= proX oy (XK V£ (x5, 9.12)

for some steplength «x > 0, and the prox operator defined in (8.24). By
substituting into this definition, we can verify that x**1 is the solution of an
approximation to the objective ¢ of (9.11), namely

1
k= argmzin ViaHT @ X+ gllz KNP+, 9.13)
k
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One way to verify this equivalence is to note that the objective in (9.13) can be
written as

1 { 1 x PNE

—{>]e o avrety| T+ akn/foc)} ,
o 2
(modulo a term o||V f (x%)||? that does not involve z and thus does not
affect the minimizer of (9.13)). The subproblem objective in (9.13) consists
of a linear term V f (xk)T(z — xk) (the first-order term in a Taylor series
expansion), a proximality term ﬁ llz — x¥||? that becomes stricter as o | 0,
and the regularization term T (x) in unaltered form. When t = 0, we have
Xkl = xk — ocka(xk), so the iteration (9.12) (or (9.13)) reduces to the usual
steepest-descent approach discussed in Chapter 3 in this case. It is useful to
continue thinking of oy as playing the role of a steplength parameter, though
here the line search is expressed implicitly through a proximal term.

The key idea behind the proximal-gradient algorithm is summarized in
the following proposition, which shows that every fixed point of (9.12) is a
minimizer of ¢.

Proposition 9.3 Let f be differentiable and convex, and let v be convex. x* is
a solution of (9.11) if and only if x* = prox oy (x* —aV f (x*)) for all @ > 0.

Proof x* is a solution if and only if V f(x*) € dty(x*). This condition is
equivalent to

x* aVf@E*) x*eadty(x®),

which is, in turn, equivalent to x* = prox gry (x* 'V f(x¥)). O

Linear convergence of the proximal gradient method when f is strongly
convex can be derived in a similar way to that of the projected gradient method.
Indeed, we need only to invoke the nonexpansive property of the proximal
operator (See Proposition 8.19) and then follow the argument in Section 7.3.3
to obtain the following result.

Proposition 9.4 Let f have L-Lipschit; gradients and strong convexity
modulus m > 0, and let  be convex. Let x* be the unique minimizer of
¢ = f+1. Then the iterates of the proximal gradient method with steplength

2 .
L satisfy

ko 1\
" x*ns(K +1> 1% 9.14)

where k = L/m.



162 9 Nonsmooth Optimization Methods

The analysis of convergence for general convex functions is more delicate.
We show next that a rate of 1/7T can be attained, just as in the case of smooth
convex functions.

9.3.1 Convergence Rate for Convex f

We will demonstrate convergence of the method (9.12) at a sublinear rate for
convex functions f whose gradients satisfy a Lipschitz continuity property
with Lipschitz constant L (see (2.7)) and for the fixed steplength choice
ar=1/L.

The proof makes use of a “gradient map” defined by

Go(x) = = (x  proXary(x  aVf(x)). (9.15)

1
a
By comparing with (9.12), we see that this map defines the step taken at
iteration k:

1
K =xF — G (1) & Gak=a—k<xk—xk+l>. (9.16)

The following technical lemma reveals some useful properties of G, (x).

Lemma 9.5 Suppose that, in problem (9.11), ¥ is a closed convex function
and that f is is convex with Lipschitz continuous gradient on R", with Lipschitz
constant L. Then for the definition (9.15) with o« > 0, the following claims are
true.

(a) Go(x) e VF(x)+10¥(x aGy(x)).
(b) For any z and any o € (0,1/L], we have that

d(x  aGy(x) < @)+ Goa) (x  2) %IIGa(x)IIZ.

Proof For part (a), we use the following optimality property of the prox
operator:

0 € Adh(prox y;(x)) + (prox,n(x)  x).
We make the substitutions: x — 'V f(x) for x, « for A, and v for & to obtain

0 € atdy(proX gy (x  aVf(x)+(Proxary (x aVf(x)) (x aVfx)).

We use definition (9.15) to make the substitution prox o7y (x oV f(x)) =
x  aGy(x) to obtain

Oeatdy(x aGy(x)) a(Gyx) V f(x)).

The result follows when we divide by «.
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For (b), we start with the following consequence of Lipschitz continuity of
V f, from Lemma 2.2:

T L 2
SO =f@+VIO 0+ ly xI”

By setting y = x — aGy(x), for any @ € (0,1/L], we have

T Lo? 2
fx —aGa(x)) < f(x) —aGu(x)" V f(x) + TIIGa(x)II
< fx) aGe()Vf(x)+ %||Ga()€)||2- 9.17)

(The second inequality uses « € (0,1/L].) We also have by convexity of f and
Y that, for any z and any v € 0¥ (x @Gy (x), the following are true:

f@=f@+Vi®E@ x),
V(@) = ¥ (x —aGy(x)) + vl (z — (x — aGy(x))). (9.18)
We have, from part (a), that v = (Gy(x) V f(x))/t € Y (x  aGy(x)),

s0, by making this choice of v in (9.18) and also using (9.17), we have for any
a € (0,1/L] that

dp(x  aGy(x))
=flx aGe(x)+t¥(x aGy(x))

< f) @GV f(x)+ %HGC,(x)n2 +TY(r aGe(x))

Sf@Q+VI® @ —2) -G, () Vfx) + %ncm(x)n2
+ 1Y (@) + (Go(x) = V(@) (x — aGy(x) — 2)

= FQ+TV@+ G & D SIGWI

where the first inequality follows from (9.17), the second inequality from
(9.18), and the last equality from cancellation of several terms in the previous
line. Thus, (b) is proved. ]

Theorem 9.6 Suppose that in problem (9.11), V¥ is a closed convex function

and that f is is convex with Lipschitz continuous gradient on R", with Lipschitz

constant L. Suppose that (9.11) attains a minimizer x* (not necessarily unique)

with optimal objective value ¢*. Then if ay = 1/L for all k in (9.12), we have

that {¢ (x*)} is a decreasing sequence and that
Llx®  x*)?

< @@

p(xb) 9 < o k=12
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Proof Since o = 1/L satisfies the conditions of Lemma 9.5, we can use part
(b) of this result to show that the sequence {p(x5)} is decreasing and that the
distance to the optimum x* also decreases at each iteration. Setting x = z = x*
and o« = o in Lemma 9.5, and recalling (9.16), we have

P =gt G (M) =90h) TG I,

justifying the first claim. For the second claim, we have by setting x = x*,

o = oy, and z = x* in Lemma 9.5 that
0<op(F)  ¢* =X wGe (xh) o
073
< G T 6k — x*) — 5 G @52

1
=5 (I 1P G (HI)

1
= 5 (I ), 019)

from which [x¥*1  x*|| < Ix¥  x*| follows.
By setting o = 1/L in (9.19), and summing over k = 0,1,2,..., K 1,
we obtain from a telescoping sum on the right hand side that

K—1 I3 L

P CIC AR IR (||x0 P R x*||2) = L
k=0

Since {¢ (x¥)} is monotonically decreasing, we have

K-1

K@) 69 =) @G ¢

k=0

The result follows immediately by combining these last two expressions. O

9.4 Proximal Coordinate Descent for Structured
Nonsmooth Functions

Coordinate descent methods and proximal gradient methods can be combined
and applied in a fairly straightforward way to separable regularized objectives
of the form

min /(x) = f(x) +AZQ,~(x,~), (9.20)

i=1
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where f is convex, as before, and each regularization term 2;: R — R is
convex but possibly nonsmooth. Mirroring the proximal-gradient method, in
place of the step (6.2) along coordinate iy, we obtain the next iteration by
solving the following scalar subproblem:

. 1
x* = argmin (x x,»’;)Tvikf(x"HEu X P A, (0, 921)

which we recognize as

X = prox g, (xf Vi f(x)). (9.22)

1

In this section, we prove a result for the randomized CD method, which
applies the step (9.21), (9.22) to a component i; selected randomly and
uniformly from {1,2, ...,n} at each iteration. We prove the result for the case
of strongly convex f, using a simplified version of the analysis from Richtarik
and Takac (2014). It makes use of the following assumption.

Assumption 2 The function f in (9.20) is uniformly Lipschitz continuously
differentiable and strongly convex with modulus m > 0 (see (2.18)). The
functions ;,i = 1,2, ...,n are convex.

Under this assumption, 4 attains its minimum value 4™ at a unique point x*.

Our result uses the coordinate Lipschitz constant L, for V f defined in
(6.5). Note that the modulus of convexity m for f is also the modulus of
convexity for . By elementary results for convex functions, we have that

1
hax + (1 @)y <ah(x)+ (1 a)h(y) Ema(l o)|lx y||2. (9.23)

Theorem 9.7 Suppose that Assumption 2 holds. Suppose that the indices iy
in (9.21) are chosen independently for each k with uniform probability from
{1,2,...,n}, and that ay = 1/Luax. Then for all k > 0, we have

E (h(xk)> h* < (1

Proof Define the function

k
) (h(x%)  n*). (9.24)

max
1
HH ) = fE) + VD @ 2+ Slnallz 212 +2020),
and note that this function is separable in the components of z and attains its

minimum over z at the vector z¥ whose i, component is defined in (9.21). Note,
by strong convexity (2.18), we have that
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1 1
H(x*2) < f(2) Sz x"||2+§Lmax||z K12+ 12(2)

1 k)2
=h@) + 5 Lmax - mllz 7% (9.25)
We have, by minimizing both sides over z in this expression, that

H(xk,zk) = min H(xk,z)
Z

IA

: 1 _ _ k2
rnzln h(Z) + 2(Lmax m)“Z X “

1
< min h(ex* + (1 )+ =Lmx  m)?x*  x*?
ael0,1] 2
< min ah*+ (1  a)hh
ael0,1]

1
5 [ Lo me® mat @]t x?

m * ( m ) k
< h™+ |1 7 h(x"), (9.26)

max max

where we used (9.25) for the first inequality, (9.23) for the third inequality, and
the particular value & = m /Ly for the fourth inequality (for which value the
coefficient of ||x*  x*||? vanishes). By taking the expected value of h(xk+h)
over the index iy, we have

Eikh(xk—&-l) = %Z f(xk-l-(Zi'C xlk)ei)‘l')\gzi(zf)_}_)\' E Qj(xf)
- j#i
1 |
=) {f @+ IVFEOIEE 5D+ S L 5D

i=1
+ A9 (2) +AZQj<x§)}
J#L

=Ty + [0 4 AT -
n n

1
+3Lnall 1P +22E)
n 1 1
= ——h(") + ~HGE D,
n n
By subtracting ~* from both sides of this expression, and using (9.26) to
substitute for H (xk, zk), we obtain

m

Ej h(x*t1h h*§(1 )(h(xk) ).

1 Lax
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By taking expectations of both sides of this expression with respect to the
random indices iy, iy, iy, .. .,ix_1, We obtain

E(h(x**1y) h*§<1 )(E(h(x")) h*).

max
The result follows from a recursive application of this formula. O

A result similar to (6.7) can be proved for the case in which f is convex but
not strongly convex, but there are a few technical complications. We refer to
Richtarik and Takac (2014) for details.

9.5 Proximal Point Method

The proximal point method of Rockafellar (1976b) is a fundamental method
for solving the problem

min ¥ (x), (9.27)
xeR”"
where ¥ is a convex function. The iterates are obtained from
. 1
= arg min Y(z) + gllz x¥ )12 = prox gy (x5), (9.28)
, k

where o > 0 is a steplength parameter. Note that smoothness of i is not
required. The problem (9.27) is a special case of (9.11) in which we set f =0
and T = 1. We can thus state convergence results as corollaries of the results
in Section 9.3.

The subproblem to be solved in (9.28) for the proximal point method
contains the original objective i and, thus, would appear to be as difficult
to solve as the original problem. However, the quadratic regularization term in
(9.28) plays an important stabilizing role. In important special cases (such as
the augmented Lagrangian methods described in Section 10.5), its presence
can make solving the proximal subproblem (9.28) easier than solving the
original problem (9.27).

Because there is no smooth part f in (9.27) (when we compare the
objectives in (9.11) and (9.27)), there are no restrictions on the steplengths
ak. In a constant-steplength variant of (9.28), we can fix oy = « forany o« > 0
and set L = 1/« in Theorem 9.6 to obtain the following convergence result.

Theorem 9.8 Suppose that ¥ is a closed convex function and that (9.27)
attains a minimizer x* (not necessarily unique) with optimal objective value
v*. Then if ap = a > 0 for all k in (9.28), we have
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[x0 x*)?

k *
Y Yt < Yk

We observe again a sublinear 1/ k rate of convergence, with a constant term
depending inversely on «. The dependence on o makes intuitive sense. If «
is chosen to be large, the quadratic regularization in (9.28) is mild, and the
constant factor ||x* — x*||2/(2«) in the convergence expression is small. (In
the extreme case, as « — 00, the effect of regularization vanishes, and the
approach (9.28) almost converges in one step. This is not surprising, as (9.28)
is close to the original problem (9.27) in this case.) When « is smaller, and the
quadratic regularization is more significant, the constant in the convergence
experession is correspondingly larger, so overall convergence is slower, when
measured in terms of iterations. However, in the latter case, each subproblem
may be easier to solve, as we may be able to use the approximate solution of
one subproblem as a “warm start” for the following subproblem and exploit the
strong convexity of the subproblems. Overall, the optimal choice of parameter
o will depend very much on the structure of .

k=12,....

Notes and References

Bundle methods were proposed by Lemaréchal (1975) and Wolfe (1975).
They underwent much development in the years that followed; some key
contributions include Kiwiel (1990) and Lemaréchal et al. (1995). Applications
to regularized optimization problems in machine learning are described by Teo
et al. (2010).

Our proof of convergence of the proximal-gradient method in the convex
case in Section 9.3.1 is from the lecture on “Proximal Gradient Methods” in
the slides of Vandenberghe (2016).

Application of a version of the proximal-gradient approach to compressed
sensing was described by Wright et al. (2009). An accelerated version of
the proximal-gradient method was famously described by Beck and Teboulle
(2009).

Exercises

1. Let {ax}k=1,2,... be a sequence of positive numbers such that ot | O but
ST o 1 coas T — oo. Show that

T 2
2 =19

T
Zj:l aj

— 0, asT — oo.
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2. Consider the subgradient method with decreasing steplength of the form
ax = 6/kP for some fixed value of p in the range (0, 1). Using the
techniques of Section 9.2, find a bound on f(x7) f(x*) that generalizes
the bound (9.10). Verify that p = 1/2 yields the tightest bound for
p € (0,1).

3. Define f(x,y) :=|x y|+0.1(x% + y?).

(a) Show that f is convex.

(b) Compute the subdifferential of f at any point (x, y).

(c) Consider the coordinate descent method starting at the point
(x0,y0) = (1, 1). Determine to which point the algorithm converges.
Explain your reasoning. What can you conclude about the coordinate
descent method for nonsmooth functions from this example?

4. Let f be strongly convex with modulus of convexity m and L Lipschitz
gradients. Define the function

fae) = 0SB,

(a) Prove that f, is convex with L  m-Lipschitz gradients.
(b) Write down the proximal-gradient algorithm for the function

Fux) + %nxnz,

where we take f, to be the “smooth” part and 7 || - % to be the
“convex but possibly nonsmooth” part.

(c) Does there exist a steplength o« such that this proximal-gradient
algorithm has the same iterates as gradient descent applied to f for
some (possibly different) constant steplength? Explain.

(d) Find a steplength for the proximal-gradient method such that

k * m k—1 *
lx® —x™[ < (1= —)Ix"7" —x7,
L

where x* is the unique minimizer of f.
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Duality and Algorithms

To this point, we have considered optimization over simple sets — sets over
which it is easy to minimize a linear objective or to compute a Euclidean
projection. The methods we described have strong theory and often good
performance, but in many cases, they do not extend well to cases in which the
feasible set has more complicated structure — for example, when it is defined
as the intersection of several sets or implicitly via algebraic equalities or
inequalities. In this chapter, we explore the use of duality to obtain a different
class of optimization methods that may perform better in such cases. For
any constrained optimization problem, duality defines an associated concave
maximization problem the dual problem whose solutions lower-bound the
optimal value of the original problem. In fact, under mild assumptions, we
can solve the original problem (also referred to as the primal problem in this
context) by first solving the dual problem. While there is a vast literature on
general techniques for constrained optimization, we highlight a few methods
that exploit duality and build on the algorithms studied in earlier chapters.

We begin by discussing how duality arises in problems in which the
feasible set €2 is the intersection of a hyperplane and a closed convex set X.
We introduce the Lagrangian function and discuss optimality conditions for
constrained problems of this form. We then present two methods based on the
Lagrangian function for problems of this type. Finally, we mention several
interesting problems to which these algorithms are particularly well suited.

10.1 Quadratic Penalty Function

Consider the following formulation for an optimization problem with both a
set inclusion constraint x € X" and a linear equality constraint Ax = b:

min f(x) subjectto Ax =b,x € X. (10.1)
X

170
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Here, X is a closed convex set, f: R" — R is differentiable, and A € R™*" has
full row rank m (thus, m < n). We described in Chapter 7 first-order methods
for the case in which only the set inclusion constraint is present. The addition
of an equality constraint complicates matters.

One approach to dealing with the equality constraint is to move it into the
objective function via a penalty. That is, we add a positive term to the objective
when the constraint is violated, with larger penalties being incurred for larger
violations. One simple type of penalty is a quadratic penalty, which leads to
the following approximation to (10.1):

1
i —lAx B> 10.2
2§f@)+2aux [ (10.2)

where o > 0 is the penalty parameter. As o tends to zero, the penalty for
violating the constraint Ax = b become more severe, so the solution of (10.2)
will more nearly satisfy this constraint.

An intuitive approach to solving (10.1) would be to solve (10.2) with a
large value of « to yield a minimizer x*(«). Then decrease the value of « (by a
factor of 2 or 5, say) and solve (10.2) again, “warm-starting” from the solution
obtained at the previous value of «. Generally, we have that Ax*(«) b — 0
as o | 0. In the limit, as & | 0, we hope that x () approaches the solution
of (10.1).

We can make the relationship between (10.2) and (10.1) more crisp by
considering the following penalized min-max problem (also known as a saddle
point problem)

o
i AlAx b)) =P, 10.3
Qgg@f@) (Ax b) 2|||| (10.3)

To see that this problem is equivalent to (10.2), note that we can carry out
the maximization with respect to A explicitly, because the function is strongly
concave in A with a simple Hessian. The optimal value is A = —(Ax — b) /.
By substituting this value into (10.3), we obtain (10.2).

Note too that (10.3) is well defined even for « = 0. In this case, we have

i —2T(Ax — b), 10.4
ﬁg{gﬁf@) (Ax — b) (10.4)

and this problem is equivalent to (10.1). To see this, note that if Ax # b, then
the maximization with respect to X is infinite. On the other hand, if Ax = b,
then f(x)—AT (Ax b) = f(x) for all values of A, so inner maximization with
respect to A in (10.4) yields f(x) in this case. Hence, the outer minimization
in (10.4) considers only points in X with Ax = b, and it minimizes f over the
set of such points. The problem (10.4) is the starting point for our discussion
of duality.
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10.2 Lagrangians and Duality
The function £: R” x R™ — R defined by
L(x,h) = f(x) AT(Ax b) (10.5)

is called the Lagrangian function (often abbreviated to simply Lagrangian)
associated with the constrained optimization problem (10.1). This function
appears frequently in theory and algorithms for constrained optimization, both
convex and nonconvex. The vector A is known as a Lagrange multiplier,
specifically, the Lagrange multiplier associated with the constraint Ax = b.
As we saw in (10.4), the problem

min max L£(x,\) (10.6)
xeX AeR™

is equivalent to (10.1). When we switch the order of the minimization and
maximization, we obtain the following dual problem associated with (10.1):

max g(1), where g(A) := min L(x,A) (10.7)
AERM xeX

In discussing duality, we often refer to the original formulation (10.1) as the
primal problem.

Note that the function g (1) defined in (10.7) is always a concave function,
as can be proved from first principles. Thus, the dual problem is a concave
maximization problem, regardless of whether f is a convex function and
whether X is a convex set. We now show that the solution of (10.7) always
lower bounds the optimal objective of the primal problem (10.1).

Proposition 10.1 For any function ¢(x,z), we have
minmax ¢(x,z) > maxmin ¢(x,z). (10.8)
X z Z X
Proof The proof is essentially tautological. Note that we always have
¢(x,2) = ming(x,2).
By taking the maximization with respect to the second argument, we obtain

max ¢(x,z) > maxmin¢(x,z) forall x.
Z Z X

Minimizing the left-hand side of this expression with respect to x yields our
assertion (10.8). O

When applied to (10.6) and (10.7), Proposition 10.1 yields a result known
as weak duality: The maximum value of g gives a lower bound on the optimal
objective value from (10.1). (The gap between the these two values is known
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as a duality gap.) This result would be especially useful if the inequality (10.8)
were to be replaced by an equality — that is, the duality gap is zero. In this
case, knowledge of the dual maximum value would tell us the optimal value
of the primal (10.1), so we would know when to terminate an algorithm for
solving the latter problem. However, the inequality in (10.8) can be strict, as
the following example shows.

Example 10.2 (Bertsekas et al., 2003, p. 203) For x € R2 and z € R, define
@(x,2) == exp(— /x1x2) + zx1 + Ix (%) + 17(2),

where Iy and Iz are the indicator functions for the sets X and Z (respectively)
defined by X = {x e R? |x > 0} and Z = {z € R|z > 0}. We have that

1 = minmax ¢(x,z) > maxming(x,z) = 0. (10.9)
X Z z X

We will see in the sequel that if the minimization problem is convex, the
primal and dual problems usually attain equal optimal values (that is, the
duality gap is zero), and we are able to reconstruct minimizers of the primal
problem from the solution of the dual problem. Even in the convex case,
though, there are exceptions: The inequality can still be strict.

Example 10.3 (Todd, 2001) In semidefinite programming, we work with
matrix variables that are required to be symmetric positive semidefinite. We
also work with an inner product operation ( , ) defined on two n x n symmetric
matrices X and Y as follows: (X,Y) = 37i_; > 7_; X;;Y;;. Consider the
following Lagrangian for a semidefinite program:

p(X,2) =(C,X) 1A, X) b)) r2((A2,X)  b2)+ Ix=o, (10.10)

where
(X1 X2 Xi3 0 0 O
X=|X1 Xpn Xx3|, C=(0 0 0f,
L X13 X3 X33 0 0 1
1 0 0 01 0
Ar=1(0 0 0], Ay=1]1 0 Of,
0 0 0 00 2

and by = 0, by = 2, where X € R3*3 and A € R?. The last term in (10.10) is
an indicator function for the positive semidefinite cone; that is, it is zero when
X is positive semidefinite and co otherwise. By substituting the definitions of
C, Ay, etc., into (10.10), we obtain

P(X, 1) = X33 — M1 X11 — 22(2X12 +2X33 — 2) + Ix»0. (10.11)
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In considering max; ¢(X,X), we note that this value will be infinite if the
coefficients of A or Ay are nonero. (If, for example X|; < 0, we can drive
A1 to 400 to make max; ¢(X,A) = 00.) Thus, in seeking (X, A) that achieve
finite values of ¢(X,A), we need only consider X for which X;; = 0 and
X12 + X33 = 1, and also X positive semidefinite. These conditions on X are
satisfied only when X1 = X2 = X3 = 0 and X33 = 1. Thus, we have that
miny max; ¢(X,A) = 1.
In considering max, miny ¢(X, ), we rewrite (10.11) as
-\ —A2 0
(X, A) =(X,S)+ Ix~0, where S=|[—-x O 0
0 0 1-2x

If S were to have a negative eigenvalue u with corresponding eigenvector v,
we have (vv!,S) = u|lv|? so by setting X = Bvv’ for B > 0, we have that
e(BvvT, 1) = uplvll*> | oo as B 1 oco. Thus, the maximum with respect
to A of miny ¢(X,X) cannot be attained by any A for which S has a negative
eigenvalue. We therefore have

0 0 1-2x

which is satisfied only when A, = 0 and A < 0, for which values we have
o(X,A) =XeS+Ixs0= Ar1X11+ X33+ Ixso.

The minimum over X is achieved at X =0, so we have max; miny ¢(X,A)=0.
In conclusion, we have

1 = minma X, A max min ¢(X,1) =0,
1 A><<p( ) > ax mi p(X,A)
so for this choice of ¢, the inequality in Proposition 10.1 is strict.

In the next section, we identify conditions under which (10.8) holds with
equality, when ¢ obtained from the constrained optimization problem (10.1).

10.3 First-Order Optimality Conditions

In this section, we describe algebraic and geometric conditions that are
satisfied by the solutions of constrained optimization problems of the form
(10.1). Such problems admit “checkable” conditions that allow us to recognize
solutions as being solutions and allow practical algorithms to be constructed.



10.3 First-Order Optimality Conditions 175

These conditions are related to stationary points of the Lagrangian (10.5).
In the next section, we describe algorithms that seek points at which these
optimality conditions are satisfied.

We will build on fundamental first-order optimality conditions, like the
one proved in Theorem 7.2 for the problem min,cqo f(x), for the case of
Q closed and convex namely, that V f(x*) € Nqg(x*). The normal cone
has a particular structure for the case in which Q = X N {x | Ax = b} (as
in (10.1)), which, when characterized, yields the optimality conditions. This
characterization is described in the following result, which uses the definition
of the relative interior of a set C (denoted by ri (C)) from (A.3).

Theorem 10.4 Suppose that X € R" is a closed convex set and that A =
{x | Ax = b} for some A € R™*" and b € R", and define Q := X N A. Then
for any x € Q, we have

No(x) D Ny (x) + {ATA |1 e R™). (10.12)

If, in addition, the set 1i (X) N A is nonempty, then this result holds with
equality; that is,

No(x) = Ny (x) + {ATA |1 e R™}. (10.13)

This result is proved in the Appendix (see Theorem A.18). We demonstrate
the need for the assumption ri (X) N A # @ for the “C” inclusion in (10.13)
with an example. Consider

X={xeR||xlh<1), A=[0 1], b=[l],

for which ri (X) NA =¢@and = X¥NnAdA = (0’1)T. We have that
Nq((0,1)T) = R?, whereas

N (O, DT +{ATx |2 e R} = {(0,1)7 | T € R},

so the left hand set in (10.13) is a superset of the right-hand set.

The condition ri (X) N A # @ is an example of a constraint qualification.
These conditions appear often in the theory of constrained optimization,
particularly in the definition of optimality conditions. Broadly speaking,
constraint qualifications are conditions under which the local geometry of a
set in particular, its normal cone at a point is captured accurately by some
alternative representation, usually more convenient and more “arithmetic” than
geometric. In the case of the set 2 defined before, the representation of the
normal cone on the right-hand side of (10.13) can be much easier to use when
determining membership of N (x) than when directly checking this condition.
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Using Theorem 10.4, we can now write the first-order optimality conditions
for (10.1) as follows.

Theorem 10.5 Consider the problem (10.1) in which f is continuously
differentiable and X is a closed convex set, with ri(X) N A # @, where
A = {x| Ax = b}. If x* is a local solution of (10.1), then there exists \* € R™
such that

X eQ=XNA —VF*)+ATA € Ny(x™). (10.14)

Proof The proof follows immediately by combining Theorems 7.2 and 10.4,
noting that 2 is a closed convex set. O

We next show that a converse of this result holds when we assume
additionally that f is convex. Note that the assumption ri (X) N A # @ is
not needed for this result.

Theorem 10.6 Consider the problem (10.1) in which f is continuously
differentiable and convex, and X is a closed convex set. If there exists A* € R™
such that the conditions (10.14) are satisfied at some x*, then x* is a solution

of (10.1).

Proof Note from the first part of Theorem 10.4 that (10.14) implies that
Vf(x*) € Nq(x*). The second part of Theorem 7.2 can then be applied
to obtain the result. m]

The following is an immediate corollary of the last two results, which
applies to constrained convex optimization problems of the form (10.1).

Corollary 10.7 Consider the problem (10.1) in which f is continuously
differentiable and convex, and X is a closed convex set, with ri (X) N A # 0,
where A = {x| Ax = b}. Then the conditions (10.14) are necessary and
sufficient for x* to be a solution of (10.1).

Example 10.8 Consider the problem

n
mg x; subjectto ||x]2 < 1,x1 =1/2,x =1/2, (10.15)
xeR”
i=1
for some n > 3. Note that we can eliminate the variables x; and x;, and write
the problem equivalently as

n
min > xi subject to (10.16)

i=3
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By using Theorem 7.2, we can check that the point
-1
T T
X3, X4, .. X, = 1,1,...,1 10.17
(x3,%4 n) 2(I’l 2)( ) ( )

is the global solution of (10.16). It follows that the solution of (10.15) is

N 11 1 1 1
xF=\= =, , . (10.18)
22 2(n 2) J2n 2) 2(n  2)
We can use Corollary 10.7 to verify optimality of this point directly, by noting
that (10.15) has the form of (10.1) with X = {x € R" | ||x|l2 < 1} and

1 0 0 ... 0O 1/2
A = = .
|:O 1 0 ... Oi| > b |:1/2]
Note that the condition ri(X) N A # @ is satisfied, because ri(X) =
{x € R"||lx]l2 < 1}, and we have, for example, that (1/2,1/2,0,0,...,0)7 €

i (X) N A. For any x with ||x|| = 1, we have that Ny (x) = ax for any o > 0.
Thus, the optimality condition (10.14) at x* defined by (10.18) is

0 0 ) - —1

-+ = —_—
[Az] V2(n=2)

: o . 1

1 0 0 " V2(n=2)

for some o« > 0, A1 € R, and X, € R. It is easy to check that this equality holds
when we set

2
a= 20 2), A=i =14 )2

2

Example 10.9 Consider the following problem, which has a combination of
nonnegativity bound constraints and equality constraints:

min f(x) subjectto Ax =b,x > 0.
By defining X := {x | x > 0}, we have for any x € A that
Ny@x)={v|vi € ( 00,0]ifx; =0, v; =0ifx; > 0}.

Thus, the first-order optimality condition (10.14) becomes that there exists

A* € R™ such that Ax* = b, x* > 0, and

[ Vf(x*)+ATA*]. <0 when x* =0, [ Vf(x*)—i—AT)»*]. =0 when x¥ > 0.
1 1

Note that since ri (X) = {x|x > 0}, the constraint qualification ri (X) N A

requires existence of and x with x > 0 (all positive components) for which



178 10 Duality and Algorithms

Ax = b. In fact, it can be shown that in this particular case, the characteri-
zation (10.13) holds even when this condition does not hold, because all the
constraints (equalities and inequalities) are linear functions of x.

10.4 Strong Duality

Having characterized optimality conditions, we now return to proving that the
primal problem (10.1) and the dual problem (10.7) attain the same optimal
objective values for many convex optimization problems. The following
theorem also shows that if we know a solution to the dual problem, we can
extract a solution to the primal via a simpler optimization problem.

Theorem 10.10 (Strong Duality) Suppose that f in (10.1) is continuously
differentiable and convex, that X is closed and convex, and that the condition
ri (X) N A # @ holds, where A = {x | Ax = b}. We then have the following.

1. If (10.1) has a solution x*, then the dual problem (10.7) also has an
optimal solution A*, and the primal and dual optimal objective values are
equal.

2. For x™* to be optimal for the primal and \* optimal for the dual, it is
necessary and sufficient that Ax* = b, x* € X, and

x* €eargmin L(x,A*) = f(x) AHT(Ax  b).
xeX
Proof For all A € R" and all x feasible for (10.1), we have, from (10.7), that

g < f(x) AT(Ax  b) = f(x),

where the equality holds because Ax = b. By Corollary 10.7, x* € Q is
optimal if and only if there exists a * € R™ such that

(Vi) — AT (x —x*) >0, forallx € X. (10.19)

But since L(-,A*) is convex as a function of its first argument, and
Vo L(x,1*) = Vf(x) ATA* condition (10.19) shows that x* minimizes
L(x,)*) over x € X. It now follows that

qg(") = iniﬁ(x,/\*) =LO5A) = fH) 0T (AT b) = f(xD),
xXe
completing the proof of Part 1. The proof of Part 2 is left as an Exercise. O

Note that even if A is only approximately dual optimal, minimizing the
Lagrangian with respect to x gives a reasonable approximation to the original
optimization problem. This claim follows from the calculation
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fOH=qgA*) <qg) +e= insfzﬁ(x,k) +e < L(x,A)+e
Xe€
= f(x) = AT (Ax = b) +e.
Hence, if ||Ax  b| is small and our dual optimal value A is accurate to

within an objective margin of €, then f(x) is a reasonable approximation to
the optimal function value f(x*) = g(1*).

10.5 Dual Algorithms

Though the dual objective function g is concave, it is typically nonsmooth,
so minimization may not be a straightforward operation. In this section, we
review how the algorithms derived earlier for nonsmooth optimization can be
leveraged to solve dual problems.

10.5.1 Dual Subgradient

Since the concave dual objective g defined by (10.7) is a minimum of
linear functions parametrized by the primal variable x, we can compute a
subgradient by finding the minimizing x and then applying Danskin’s theorem
(Theorem 8.13). Since ¢ is a convex function, we have

a( q)(x\)::{Az bz € arg min{ (x) AT (Ax b)}}.

Starting from some initial guess A! of the optimum, step k of the subgradient
method of Section 9.2 applied to ¢ thus has the form

x* arg mi/% L0, 28, Ak g (AxF — b),
XE

where s; € R is a steplength. To analyze this method, note that the maximum
norm of any subgradient of ¢ is bounded by the maximal infeasibility of the
equality constraints over the set X'. If we set

M = sup [|Ax — D],
xeX

we can apply our analysis of the subgradient method from Section 9.2 to obtain

T 1 %12 2T 2
I I =P+ M2 YT s
q (—T > sM") — k|

T
k=15k =1 2D =15k
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Hence, a convergence rate of O(T !/ 2y is attainable, for the choices of
steplength s; discussed in Section 9.2. We can achieve a faster rate of conver-
gence by appealing to the proximal point method rather than the subgradient
method, as we show next.

10.5.2 Augmented Lagrangian Method

Application of the proximal point method of Section 9.5 to the problem of
maximizing the dual objective g(A) leads to the following iteration:

1
A argmax g(0)  —a AK)?
X 200k

1
— inf AT(Ax b)) —n 52,
arg max inf { fx) (Ax  b) o l l

where oy is the proximality parameter. This is a saddle point problem in (x, }.).
Since the objective is convex in x and strongly convex in A, we can swap the
infimum and supremum by Sion’s minimax theorem (Sion, 1958) to obtain the
equivalent problem

1
inf {max fx) ATAx b —a x"||2}. (10.20)
xeX | A 20

The inner problem is quadratic in A and has the trivial solution A = AX
ar(Ax  b), which we can substitute into (10.20), to obtain

min (1) (57 (Ax b+ lAx I =i Loy (x4,
xe

The function £, (x,2) is called the augmented Lagrangian. It consists of the
ordinary Lagrangian function added to a quadratic penalty term that penalizes
violation of the equality constraint Ax = b. Iteration k of this overall approach
can be summarized as follows:

k

xk — argmin Ly, (x,25), A*F
xeX

<A aAxt by,
This algorithm was historically referred to as the method of multipliers in the
optimization literature but more recently has been known as the augmented
Lagrangian method.

For a fixed parameter oy (that is, oy = «), we have, from the convergence
rate of the proximal point method (Theorem 9.8), that

[
20T
that is, the dual objective converges at a rate of O(1/T).

¢ q0h) < . T=12...:
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The only difference between the augmented Lagrangian approach and
the dual subgradient method is that we have to minimize the augmented
Lagrangian for the x-step instead of the original Lagrangian. This may
add algorithmic difficulty, but in many cases, it does not; the augmented
Lagrangian can be as inexpensive to minimize as its non-augmented coun-
terpart. We give several examples in what follows.

Although the proximal point method is guaranteed to converge even for
a constant step size oy, the use of some heuristics frequently improves its
practical performance. In particular, the following approach is suggested by
Conn et al. (1992).

Algorithm 10.1 Augmented Lagrangian

Choose initial point AL, initial parameter oy > 0, §; = 00, and parameters
ne(01)and y > 1;
fork=1,2,... do
Set xk = argmin,cy Lo, (x, A6y
Set§ = ||Axk — b)|%;
if § < né; then
ALk otk(Axk b); g1 < og; Sg+1 < §; {Improvement in
feasibility of x is acceptable; take step in A.}
else
AL gk Ak41 < Yag; 8k+1 < Ok {Insufficient improvement
in feasibilty; don’t update A but increase penalty parameter « for next
iteration.}
end if
end for

Typical values of the parameters are n = 1/4 and y = 10.

10.5.3 Alternating Direction Method of Multipliers

The alternating direction method of multipliers (ADMM) is a powerful
extension of the method of multipliers that is well suited to a variety of
interesting problems in data analysis and elsewhere. ADMM is targeted to
problems of the form

min f(x)+ g(z) subjectto Ax + Bz=c¢, xe X, z€ Z, (10.21)
X,z

where & and Z are closed convex sets. The augmented Lagrangian for this
problem is
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T o 2
Ly(x,z,A) = f(x)+g(@) A" (Ax + Bz C)+5||AX+BZ cll”.

ADMM essentially performs one step of block coordinate descent on the
primal problem and then updates the Lagrange multiplier, as follows:

xk = argmin Ly, (x, 28710k (10.22a)
xeX

X = argmin Ly, (x*,z,1) (10.22b)
€2

AMFL =2k qAxk + B o). (10.22¢)

Note that if we were to loop on the first two update steps until L, (x,2,2%)
were minimized with respect to the primal variables (x, z), this approach would
become a particular implementation of the ordinary method of multipliers.
But the fact that only one round of block coordinate descent steps is taken
before updating A is what distinguishes ADMM. In practice, taking multiple
coordinate descent steps may be advantageous in some contexts, but traditional
convergence proofs for ADMM have an “operator splitting” character that does
not exploit their relationship to the augmented Lagrangian method. The paper
of Eckstein and Yao (2015) explores this point and also gives computational
comparisons of ADMM with variants that more closely approximate the
augmented Lagrangian method. A proof of convergence of ADMM (10.22)
for the case of convex f and g is given in (Boyd et al., 2011, section 3.2 and
appendix A).

10.6 Some Applications of Dual Algorithms

Here we describe several applications for which the duality-based methods of
this chapter may be a good fit.

10.6.1 Consensus Optimization

Let G = (V,E) be a graph with vertex set V and edge set E. Consider the
following optimization problem in unknowns [x,],cy, where each x,, € R™
and the functions f,: R"* — R are convex:

min Z fv(xy) subjectto x, = x, for all (u,v) € E. (10.23)
X

veV
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The Lagrangian for this problem is

LOM) =) fule) = Y AL, —x)

veV (u,v)eE
T
ZZ So(xy) Z Av,w Z )\u,v Xy
veV (v,w)eE (u,v)eE

Note that this function is separable in the components of x, so we can minimize
with respect to each x,, v € V separately, even in a distributed fashion. The
A-step of the dual subgradient method is

)»l,;?;l = )J,j’v — si(xk —xk), forall (u,v) € E.

Many problems can be stated in the form (10.23). For instance, the case in
which we wish to minimizing a finite-sum objective with a shared variable:

min > fix), (10.24)
i=l1

(where some of the f; may even be indicator functions for convex sets) can
be stated in the form (10.23) by defining V := {1,2, ...,m}, giving each node
its own version of the variable x and defining an edge set E so that the graph
G = (V,E) is completely connected.

The augmented Lagrangian for (10.23) does not yield a problem that
is separable in the x,, because the quadratic penalty term couples the x,
at different nodes. We can, however, devise an equivalent formulation that
enables a convenient splitting with ADMM. Introducing new “‘edge variables”
Zu,p for all (u,v) € E, we rewrite (10.23) as follows:

min Y fy(x,) subject 0 x, = Zyu. Xy = Zu,v, forall (u,v) € E.
veV

(10.25)

The augmented Lagrangian for this formulation is

Lo(rzB) = folr) = Y A Gu—zun) = D B, (¥ = 2u)

veV (u,v)eE (u,v)eE
o o
+ Z E(xu _Zu,v)2+ Z E(xv _Zu,v)2~
(u,v)eE (u,v)eE

This function is separable in the components x,, v € V, so the x-update step
in ADMM can be performed in a separated manner, possibly on a distributed
computational platform. Similarly, it is separable in the z, , variables, and
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also in the dual variables A, , and B, ,. Note that distributed implementations
would require information to be passed between nodes, or to a central server,
between updates of the various components.

A particular method for the finite-sum problem (10.24) is to allow each
function f; to have its own variable x; and then define a “master variable” x
and constraints that ensure that all x; are identical to x. We thus obtain the
following formulation, equivalent to (10.24):

X, X1,X2,

m
min Zf,-(x,-) subjectto x; =x, i =1,2,...,m. (10.26)
R

The augmented Lagrangian for this problem is
m m a m
Lo(x,2,0) = X;ﬁ(xi) - ;Af(xi -0+ 21 i =12,
1= 1= 1=

where we defined z := (x1,x2,...,X;). The z-update step in ADMM is
separable in the replicates x;, i = 1,2,...,m; the step (10.22b) can be
performed as m separate optimization problems of the form

. o
xf =argmin fi(n)  GHTx+ S 2P

The x-update step (10.22a) can be performed explicitly, since the augmented
Lagrangian is a simple convex quadratic in x. We have

k_1 = k—1 lkk
X—EZ Xl- —ai .
i=1

This example illustrates the flexibility that is possible with dual algorithms.
Different problem formulations play to the strengths of different algorithms,
and sometimes the algorithms with better worst-case complexities are not the
most appropriate, due to issues surrounding overhead and communication in
distributed implementations.

10.6.2 Utility Maximization

The general utility maximization problem is
n
max Z U;(x;) subjectto Rx <c,
i=1
where R is a p x n matrix. Each utility function U; represents some measure of

well-being for the ith agent as a function of the amount of resource x; available
to it. The inequalities are resource constraints, coupling the amount of utility
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available to each user. Rewriting in our form (10.1), using minimization and
slack variables s, we have

n
min Z U;(x;) subjectto Rx+c s=0, s>0.
(x,s) izl
The Lagrangian is

n
L(x,s,)) = Z Ui(x;)) A'( Rx+c s).
i=1

The dual subgradient method requires us to minimize this function over (x,s)
for s > 0. Note that this minimization is unbounded below if any components
of A are negative: If A; < 0, we can drive s; to +00 to force L(x,s,A) to ©co.
Thus, the dual problem (10.7) is equivalent to

n

max min —Ui(xj) = AT (=Rx + ¢ —s)
2>0 (x,s):5>0 P
n
= max min Ui(x;) )LT( Rx + ¢),
A>0 X

i=1
where we can eliminate s because when A > 0, the optimal value of s is
clearly s = 0. The x step of the dual subgradient method is separable; agent i
maximizes

p
U(x;) ZRJ',')»I; Xj.
j=1

The A-update step is the projection of a subgradient step onto the nonnegative
orthant defined by A > 0; that is,

AL [Ak o ( ka+c)] .
+

The dynamics of this model are interesting. Component j of A can be
interpreted as a price for the resources represented by jth row of R and c.
If the prices are high, users incur a negative cost for acquiring more of their
quantities x. When the resource constraints are loose, the prices go down.
When they are violated, the prices go up.

10.6.3 Linear and Quadratic Programming
Consider the bound constrained convex quadratic program,

min ¢’ x + 1x" Ox, subjectto Ax=b, ¢ <x <u, (10.27)
X
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where Q > 0 and ¢ and u represent vectors of lower and upper bounds on
the components of x, respectively. (Some or all components of £ and u may
be infinite.) When ¢ = 0, the components of u are all +00, and Q = 0,
then (10.27) is a linear program — the fundamental problem in constrained
optimization. The augmented Lagrangian for (10.27) is

L)) =c"x+xT0ox AT(Ax b))+ Ol?kHAx b2,

so the x-step of the augmented Lagrangian method reduces to the following
bound-constrained quadratic problem:

= min Tx+Tox 5T (Ax b)+“—2"||Ax b|I2.

£<x<u

This problem can be solved via first-order methods, such as the projected
gradient or conditional gradient methods of Chapter 7.

To apply ADMM to this problem, we could formulate (10.27) equiva
lently as

1
{nir; I'x+ ExTQx subjectto Ax =b, £ <z<u, z=x. (10.28)
X,Z

The augmented Lagrangian for this problem is
o
Lo(rzh) =T+ 327 Qx =3 (x —2) + Sz — xII%

where we choose to enforce the constraints Ax = b and £ < z < u explicitly.
The ADMM updates are therefore

L = argmin Ly, (x,zk,kk) subject to Ax = b, (10.29a)
X

1 = argmin Ly, (x*1,2,2F)  subjectto £ < z < u, (10.29b)
Z

)\,k+l — )\.k ()lk(xk+l Zk+l). (10.29¢)

The x update can be solved by solving an equality constrained quadratic
program, which reduces to solving a system of linear equations, as follows:

O+ ol AT Tx . ¢+ 1k 4oyt
A 0 v| b ’
Note that if o is constant, only the right-hand side changes from iteration to
iteration, so a factorization of the left-hand side can be precomputed and reused
at every iteration. A closed-form solution is available for the z update (see the

Exercises). This strategy for solving QPs is the main algorithmic idea behind
the OSQP quadratic programming solver (Stellato et al., 2020).
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Notes and References

Several further examples of duality gaps (gaps between the primal and dual
optimal objective values) in convex problems appear in (Luo et al., 2000;
Vandenberghe and Boyd, 1996).

The method of multipliers (a.k.a. the augmented Lagrangian method) was
invented in the late 1960s by Hestenes (1969) and Powell (1969). It was
developed further by Rockafellar (1973, 1976a) and Bertsekas (1982) and
made into the practical general software package Lancelot for nonlinear
programming by Conn et al. (1992).

The alternating direction method of multipliers is described in the classic
review paper of Boyd et al. (2011). The approach was first proposed in the
1970s in Glowinski and Marrocco (1975) and Gabay and Mercier (1976), while
Eckstein and Bertsekas (1992) is an important early reference.

Exercises

1. Consider minimization of a smooth function f: R" — R over the
polyhedral set defined by a combination of linear equalities and
inequalities as follows:

(x| Ex =g, Cx z d},

where E € R™*" and C € RP*". Show that the first-order necessary
conditions for x* to be a solution of this problem are that there exist
vectors A € R™ and u € R? such that

Via*)—ETA—CcTu=0, Ex*=g 0<plCx*—d=>0,

where 0 < u L v > 0 for two vectors u, v € R” indicates that for all
i=12,...,p,wehave u; >0, v; > 0, and u;v; = 0. (Hint: Introduce
slack variables s € R?, and reformulate the problem equivalently as
follows:

min  f(x) st Ex=g Cx s=d,s>0.

(x,s)eR*P

Now, by defining X', A, and b appropriately, use Theorem 10.5 to find
optimality conditions for the reformulated problem; then eliminate s to
obtain the aforementioned conditions.)

2. Prove the strict duality gap (10.9) for the function in Example 10.2.

. Prove Part 2 of Theorem 10.10.

4. Verify by checking the condition V f(x*) € Ng(x*) that the point x*
defined by (10.17) is the solution of (10.16).

5. Write down a closed-form solution for the step (10.29b).

w
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Differentiation and Adjoints

In this chapter, we describe efficient calculation of gradients for certain
structured functions, particularly those that arise in the training of deep neural
networks (DNNs). Such functions share some features with objective functions
that arise in such applications as data assimilation and control, in both of which
the optimization problem is integrated with a model of a dynamic process, one
that evolves in time or proceeds by stages. In deep learning, the progressive
transformation of each item of data as it moves through the layers of the
network is akin to a dynamic process.

11.1 The Chain Rule for a Nested Composition
of Vector Functions

We start by introducing some notational conventions for derivatives of vector-
valued functions. For a function #: R? x R? — R, we denote the partial
gradient with respect to w at a point (w,y) € R? x R? by V,,h(w,y). This is
the p x r matrix whose ith column is the gradient of /; with respect to w, for
i =1,2,...,r. Note that this matrix is the transpose of the Jacobian, which is
the r x p matrix whose rows are (V,h;)7.

We now consider the chain rule for differentiation of a function that is a
nested composition of vector functions. Given a vector x € R" of variables,
suppose that the objective f: R” — R has the following nested form:

f)=(@odiod_10...001)(x) = (i (P—1(..(P1(x))...), (1L.1)

where

o1 R > R™M ¢ :R™ 1 - R™ (i=23,...,), and¢: R™ — R,

188
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The chain rule for calculating V f (x) yields the following formula:

V) = (Ved1) (V1 62) (Vor83) - (Vor191) (Vor®) (11.2)

where all partial derivatives are evaluated at the current point x and all
consistent values of ¢1, ¢, ..., ¢;. Since f: R” — R, the left-hand side V f(x)
of (11.2) is a (column) vector in R". Following the convention on derivative
notation, we have the following shapes for the terms on the right hand side of
(11.2):

Vi¢1 is a matrix of dimensions n X mj;
Vg @i+1 1s a matrix of dimensions m; x m; 1, fori =1,2,...,1 1;
Vg ¢ is a column vector of length m;.
The matrix multiplications on the right-hand side of the formula (11.2) are all
valid, and the product is a vector in R".

The function evaluation formula (11.1) and the derivative formula (11.2)
suggest the following scheme for evaluating the function f and its gradient.

Algorithm 11.1 Evaluation of a nested function and its gradient using the chain
rule.
Given x € R";
Define x1 := ¢1(x) and A| := V¢ (x);
fori =12,...,] 1do
Evaluate

Xip1 :=¢ip1(x;) and Ay = Vg, dir1(x;);

end for
Evaluate f := ¢ (x;) and p; := V¢ (x;);
fori =1l 1,...,2do
Define p;_1 := A;pi;
end for
Define g := A1 p1;
Output f = f(x) and g = V f(x).

This scheme consists of a function evaluation loop that makes a forward
pass through the succession of functions, and the derivative calculation loop
that implements a reverse pass. During the forward pass, we store partial
derivative information in the matrices A;, i = 1,2,...,/, that are subse-
quently applied during the reverse pass to accumulate the product in (11.2).
The scheme is efficient because it requires only matrix-vector multiplications.
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The total cost of the algorithm is approximately nm + Zf:} m;m;1 multipli-
cations and additions, plus the cost of evaluating the functions and gradients.
(A more naive scheme for evaluating V f(x) from the formula (11.2) might
involve numerous matrix-matrix multiplications, not just the matrix-vector
multiplications required by this scheme.)

11.2 The Method of Adjoints

We now consider a more general function evaluation model that captures those
seen in simple DNNs and in other applications such as data assimilation. In this
model, the variables do not all appear at the innermost level of nesting, as in
(11.1). Rather, they are introduced progressively, at each stage of the function
evaluation. We use the term progressive functions to denote functions with this
structure. Despite the greater generality of this model, the process of evaluating
the function and its gradient still contains a forward pass and a reverse pass
and requires only a slight modification of Algorithm 11.1.
We consider a partition of the variable vector x as follows:

x = (x1,x2,...,%1), wherex; e RY,i=1,2,...,1, (11.3)

so that x € R" withn = n| +ny + - - - + n;. A progressive function has the
following form

f) =i, -1 (-1, ¢12(x1—2. .. (x2,2(x2,1(x1))...), (11.4)
where
¢1: RM—-R™ | ¢;: RMxR™-!' -R™ (;j =2,3,...,), and ¢: R™ — R.

Stage i of the evaluation requires the variable subvector x; together with
the value of the function ¢;_1, which depends on the previous variables
Xi—1,Xi—=2,...,X1.

The dependence of f on the final subvector x; is straightforward, but the
chain rule is needed to recover derivatives with respect to other subvectors x;,
with more and more factors in the product as i decreases toward 1. Writing the
gradients with respect to the last few subvectors x;, x;_1, x;—2, X;—3, we obtain

Vi () = (Vi) (Vo o)
Vi f@) = (Vy, 101=1) (Ve 1#1) (Vg 0)
Vi f @) = (Vg 101-2) (Vo 201-1) (Ve 1¢1) (Ve 9)

= (
Vi @) = (Vi 301-3) (VY 301—2) (Vgrati—1) (Vg 101) (V) -
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A pattern emerges. We see that in the expression for each Vy, f,i = [, 1,
I 2,...,thelast factor is Vi ¢ and the first factor is the partial derivative of
¢; with respect x;. The intermediate terms are partial derivatives of one of the
nested functions with respect to the next function in the sequence. The general
formula is as follows:

vxif(x) = (in ¢l) (V¢, ¢i+1) (v¢i+1¢i+2) o (V¢[_2¢l 1) (V¢[ 1¢l) (V¢l¢) .
(11.5)

(Note the similarity in the middle terms for different i the same derivative
matrices appear repeatedly in multiple expressions.) By extending Algorithm
11.1, we derive the efficient procedure shown in Algorithm 11.2 for computing
V f(x). Algorithm 11.2 is efficient because it requires only matrix vector
multiplications and exploits fully the repeated structures seen in the middle
terms of (11.5).

Algorithm 11.2 Efficient evaluation of a progressive function and its gradient
using the chain rule.
Given x = (x1,x2, ...,x;) € Rutm+ +u,
Evaluate s := ¢;(x1) and By := V¢ (x1);
fori =12, ...,/ —1do
Evaluate

Sit1 = Gir1(Xix1,8),  Aiy1 = Vg, dir1(Xig1,58:),
Bit1:= Vi Git1(Xit1,5:);

end for
Evaluate f := ¢ (s;) and p; := Vy,0(s1);
fori =1l 1,...,2do
Define p; 1 := A;pi, & = Bipi;
end for
Define g1 := Bip1;
Output f = f(x) and g = (81,82, --..8) = Vf(x).

11.3 Adjoints in Deep Learning

The objective functions that arise in the training of the neural networks
described in Section 1.6 have the progressive form (11.4) (albeit with
different notation). Consider the supervised multiclass classification problem
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of Section 1.6, and suppose we are given m training examples (a;,y;),
J=12,...,m,whereeacha;isa feature vector and y j € RM is a label vector
that indicates membership of a; in one of M classes (see (1.20)). The loss
function for training the neural network is a finite summation of m functions
of the form (11.4), one for each training input. To be precise, given feature
vector aj, we can define s](J) = ¢1(x1;a;) in (11.4) to be the output of the first
layer of the DNN with a; denoting the input and x1 denoting the parameters in
the first layer. We can define Sl.(i)l = ¢i+1(x,-+1,si(j)), i=12,...,l —1asin
Algorithm 11.2, ending with the outputs of the final layer, which is the vector
sl(j ). Note that m; = M; that is, the number of outputs from the final layer
equals the number of classes M. To define the loss function for this example,

we set
Vs = - [Z(yj»(sf”)c —log ) e’ ﬂ , (11.6)
c=1 c=1
while the overall loss function is
m
flx) = % Y D). (11.7)
j=1

This is a slight generalization of our framework (11.4) in that this f is defined
as the average of the loss functions over m training examples (not as a function
based on a single training example), but note that the variables x are the same
in each of these m terms, as are the functions ¢y, ¢;—1, .. . ,¢>. However, ¢ is
different for each of the m terms, because the feature vector a; that is input to
the first layer differs between terms. The function ¢ also differs between terms,
because it is based on the label vector y; for training example j. Algorithm
11.2 can, in principle, be applied to each function ¢(j ), j=12,....,mto
obtain V f(x). In practice, training is usually done with some variant of a
stochastic gradient algorithm from Chapter 5 and we obtain an approximate
gradient needed by these methods by taking a single term or a minibatch of
terms from the summation in (11.7) and apply Algorithm 11.2 only to these
terms.

11.4 Automatic Differentiation

Consider now a generalization of the approach in Section 11.2 in which the
variables are not necessarily introduced progressively, stage by stage, and in
which each stage may depend not just on the previous stage but on many prior
stages. We use only the observation that the computation of the function f can
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be organized as a directed acyclic graph (DAG), called the computation graph,
in which there exists an enumeration of the nodes in which each node depends
only on lower-numbered nodes. (Any procedure for function evaluation that
can be implemented computationally must necessarily admit a DAG structure.)
For a function f: R" — R, we denote the quantity evaluated at node i by x;,
where the first n nodes are the n components of the variable vector x, and the
final node (xy, say) is the function value. Each step of the computation has the
form

Xi =¢i(xpyp), i=n+ln+2 ... N, (11.8)

where P(i) denotes the parents of node i in the computation graph — that is,
the elements x;, j € P(i) that are required to evaluate x;. The “evaluation” is
usually an elementary operation; for example, a node could simply multiply its
two inputs together or sum them, or it could take an exponential or sine of its
single input. The DAG representation of this computation has N nodes, with

directed arcs from each node in P(i) tonode i, foralli =n+1.n+2,...,N.
The nodes are numbered such that P(7) C {1,2....,i 1}
A example computation graph for n = 3 and N = 10 is shown in Figure

11.1. Here, x1, x2, and x3 are the three independent variables, and we have

P@) = {12}, PO) ={123}), P®6) ={L4}, P@I) ={2.4.5)
P@8) =(3,5, PO =1{67.8), P(0) =169}

It is clear from (11.8) how the function f can be evaluated — by moving from
left to right through the graph, evaluating the nodes in sequence. But how do
we recover the gradient V f (x)? As suggested in earlier sections, the key is to
store additional information during the evaluation (11.8). As well as evaluating
Xi, we store partial derivatives of x; with respect to each of its arguments x;,
J € P(i). Specifically, we label the arc from j to i by dx;/dx; = d¢; /0x;, for

Figure 11 1 Computation graph for a function of three variables, with N = 10
nodes.
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each j € P(i). The extra computation required for these partial derivatives is
often minimal, no more than a few floating-point operations per arc.

Equipped with the partial derivative information, we can find V f(x) by
performing a reverse sweep through the computation graph. At the conclusion
of this sweep, node i of the graph will contain the partial gradient df/dx;, so
that, in particular, the first n nodes will contain daf/dx;,i = 1,2, ...,n, which
are the components of the gradient V f(x).

To do the reverse sweep, we introduce variables z; at each node i =
1,2,...,N, initializing them to z; = O fori = 1,2,...,N 1l,and zy = 1.
At the end of the computation, each z; will contain the partial derivative of f
with respect to x;. Since f(x) = xy, we have, in fact, that f/dxy = 1, so
zy = 1 already contains the correct value. The sweep now proceeds through
nodesi = NN 1I,N 2,...,1, as follows: At the start of step i, we have
that z; = df/dx;. We then update the variables z; in the nodes j in the parent
set P (i) as follows:

a .
e +a28 forall j e PG, (11.9)
8)6]'
When the time comes to process a node i, the variable z; contains the sum of
the contributions from all of its of its children, since nodesi + 1,i +2,...,N
have been processed already. We thus have

oy Z af d¢n

Zi = Zl—_: 87()13)(,-’

3 (11.10)
1:ieP() i 1:ieP()

the second equality being due to the fact that z; contains the value df/dx; at the
time that z; is updated, since i € P(l). Since the formula (11.10) captures the
total dependence of f on x;, and since j € P(i) only when i > j, we have by
an inductive argument that when z; has gathered all the contributions from its
child nodes i, it too contains the partial derivative df/dx ;. The formula (11.10)
is essentially the chain rule for 9f/dx;.

Returning to the example in Figure 11.1, we see that the partial function
evaluations at nodes 4, 5, . . ., 10 can be carried out in numerical order, and the
partial derivatives can be evaluated in the reverse order 10,9,8, ...,4,3,2, 1.

What we have described in this section is the reverse mode of automatic
differentiation (also known as “computational differentiation” and “algorith
mic differentiation”). (The technique is often called “back-propagation” in
the machine learning community.) This technique and many other issues in
automatic differentiation are explored in the monograph of Griewank and
Walther (2008). The reverse mode has the remarkable property that the
computational cost of obtaining the gradient V f is bounded by a small
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multiple of the cost of evaluating f. This fact can be deduced readily from
the facts that (a) each arc in the computation graph corresponds to just one
or a few floating-point operations during the evaluation of f; (b) labeling
the arc from j to i with the partial derivative dx;/0x; requires just one or
a few additional floating-point operations; (c) the reverse sweep visits each
arc exactly once, and the update formula (11.9) shows that in general two
operations (one addition and one multiplication) are associated with each arc.

The chief drawback of the reverse mode is its space complexity. The proce-
dure, as previously described, requires storage of the complete computation
graph, including storage for x; and z;, i = 1,2,...,N and the arc labels
0¢; /dx, so that the storage requirements grow linearly with the time required
to evaluate f. Such requirements can be prohibitive for some functions. This
issue can be solved with the use of “checkpointing,” which is essentially a
process of trading storage for extra computation. At a checkpoint, we save
only those nodes of the computation graph that will be needed in subsequent
evaluations and discard the rest. When the reverse sweep reaches this point, we
recalculate the discarded nodes, allowing the reverse sweep to continue to an
earlier checkpoint. Details are given in Griewank and Walther (2008).

11.5 Derivations via the Lagrangian and
Implicit Function Theorem

We examine here an alternative viewpoint on the progressive function (11.4)
based on a reformulation as an equality constrained optimization problem.
We also discuss algorithmic consequences of this reformulation, and several
extensions.

11.5.1 A Constrained Optimization Formulation
of the Progressive Function
Returning to the progressive functions defined in (11.4), suppose that our
task is to find a stationary point for this function — that is, a point where
Vf(x) = 0. By introducing variables s; to store intermediate evaluation
results, we can formulate this problem as the following equality-constrained
optimization problem:

r;lisn fO,s) =@ stost=¢1(x1), si =¢i(xi,8 1), i =2,3,...,1,
(11.11)
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where s = (s1,52,...,8) and x = (x1,x2, ...,x;). By introducing Lagrange
multiplier vectors py, pa, ..., p; for the constraints in (11.11), we can write the
Lagrangian for this problem as

1
Lexs,p)=¢s) Y pl (i ¢ilxisi 1)) pilsi ¢r(x)). (11.12)

i=2

First-order conditions for (x,s) to be a solution of this problem are obtained
by taking partial derivatives of the Lagrangian with respect to x, s, and p and
setting them all to zero. These partial derivatives are as follows:

Vi, L = Bip1, where B; = V¢i(x1), (11.13a)
VL = Bip;, where B; :=V, ¢;(x;,si—1), i =2,3,...,1, (11.13b)
Vo £ =—=si +¢i(xi,si-1), i =2,3,...,1, (11.13¢)
Vp L= =51+ ¢1(x1), (11.13d)
VoL =—pi+ A;ipiy1, where A; := Vg ¢ip1(Xit1,8), i =1,2,...,1 -1,

(11.13e)
VoL = pi+Vo(s). (11.13f)

Note the close relationship between this nonlinear system of equations and
Algorithm 11.2. By setting the partial derivatives w.r.t. p; to zero, we obtain
the equality constraints in (11.11), which are satisfied when the s; are defined
by the forward pass in Algorithm 11.2. By setting the partial derivatives w.r.t. s;
to zero, we obtain the so-called adjoint equation that defines the p;, which are
identical to those obtained from the reverse sweep in Algorithm 11.2. Finally,
the partial derivatives of £ w.r.t. x; yield the same formulas as for the gradient
expressions in Algorithm 11.2. Thus, all terms in (11.13) are zero when, in the
notation of (11.4), we have V f(x) = 0 thatis, x is a stationary point for f.

The constrained optimization perspective can have an advantage when
the formulation is complicated by the presence of constraints (equalities and
inequalities) involving s as well as x, or by slightly more general structure
than is present in (11.4). In such situations, the first order conditions (11.13)
contain complementarity conditions, which can be handled by an interior-point
framework while still retaining the advantages of sparsity and structure in the
Jacobian of the nonlinear equations (11.13) that lead to efficient calculation
of steps. In the unconstrained formulation, reduction of the constraints to
formulas involving x alone, even when this is possible, can lead to loss of
structure in the constraints and thus loss of efficiency in algorithms based
on (11.4).
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11.5.2 A General Perspective on Unconstrained
and Constrained Formulations

We generalize the technique of the previous subsection by considering an
unconstrained problem

min f(x) (11.14)

(for x € R") that can be rewritten equivalently as the following constrained
formulation, as follows:

min F(x,s) s.t. h(x,s) =0, (11.15)
X,

where s € R”, and h: R" x R? — RY” uniquely defines s in terms of x.
Because of the latter property, we can write s = s(x), where h(x(s),s) = 0 for
all s, so that the objective in (11.15) becomes F'(x,s(x)), and

f @) = F(x,s(x)). (11.16)

Under appropriate assumptions of smoothness and nonsingularity of the
p X p matrix Vih(x,s(x)), we have from the implicit function theorem (see
Theorem A.2 in the Appendix) that

Ves(x) = V2 h(x,s () [Vsh(x, sG] (11.17)

(This can be see by taking the total derivative of & with respect to x and setting
it to zero; that is, 0 = V,h(x,s(x)) + Vis(x)Vsh(x,s(x)).) By substituting
(11.17) into (11.16), we obtain

Vfx) =VyiF(x,s) 4+ Ves(x)Vs F(x,s)
= V,F(x,s) — Vxh(x,s(x))[Vsh(x,s(x))]_lVxF(x,s), (11.18)

The problem (11.11) is a special case of (11.15), in which Vih(x,s) is
a block-bidiagonal matrix with identity matrices on the diagonal. Thus, the
inverse [Vsh(x,s(x))] !is guaranteed to exist. We can show that (11.18) leads
to the same formula for V f(x) as was obtained by Algorithm 11.2 for (11.4).
Details are left as an Exercise.

11.5.3 Extension: Control

By a slight extension to the framework (11.11), we can define discrete-time
optimal control, an important class of problems in engineering and, more
recently, in machine learning. The only essential difference is that the objective
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depends not just on the s; but possibly on all variables x;, i = 1,2,...,/ and
all intermediate variables s;,i = 1,2, ...,l, so we have
min f(x,s) := ¢(x,s) (11.19a)
X,S

subject to s1 = ¢1(x1), si = ¢;i(xi,8i-1), i =2,3,...,1. (11.19b)

In the language of control, the variables x; are referred to as controls or
inputs, whose purpose is to influence the evolution of a dynamical system
that is described by the functions ¢;. The variables s; are called the states
of this system. This is usually some known initial state sg (not included in the
formulation above because it is fixed), and other states are fully determined by
the equations in (11.19).

The problem (11.19) has the form (11.15), where again the Jacobian
Vh(x,s) has block-bidiagonal structure with identity matrices on the diag-
onal, so that it is structurally nonsingular. Algorithms for solving (11.19)
can thus make use either of the unconstrained perspective or the constrained
perspective. The latter is often more useful in the case of control, as many
problems have constraints on the states s; as well as the controls x;, and these
can be handled more efficiently in the constrained formulations. (Even bound
constraints on s; would convert to complicated constraints on the controls x;,
and elimination of the s;, as is done in the unconstrained formulation, would
cause the stagewise structure to be lost.)

Notes and References

The monograph of Griewank and Walther (2008) is the standard reference on
computational differentiation. The widespread use of ReLU activations in neu
ral networks introduces some complications into the derivative computation, as
the functions are not smooth! The same ideas as described in Sections 11.2
and 11.3 obtain, but the concept of “derivative” needs to be generalized
considerably. Generalizations are discussed in Griewank and Walther (2008,
chapter 14), focusing on the Clarke subdifferential. The latter generalization,
used also by David et al. (2020), analyzes the convergence of a stochastic
subgradient method based on this generalization in a framework that can
be applied to neural networks with ReLU activations. Later work (Bolte
and Pauwels, 2020) makes use of “conservative fields” as generalizations of
derivatives (the Clarke subdifferential is a “minimal conservative field,” a
kind of special case). The latter paper gives details of the generalization of
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the reverse mode of automatic differentiation and of the convergence of a
minibatch variant of the stochastic gradient method.

Efficient solution of optimal control problems that exploit the stagewise
structure are discussed in (Rao et al., 1998), including variants in which
additional constraints are present at each stage of the problem.

Exercises

1. By expressing (11.11) in the form (11.15), show that the formula (11.18)
leads to the same gradient of f as is calculated in Algorithm 11.2. Explain
in particular why the matrix V& (x, s) is nonsingular for the particular
function 4 from (11.11).

2. Sketch the computation graphs for the nested function (11.1) and the
progressive function (11.4), in a format similar to Figure 11.1.

3. By expressing (11.19) in the form (11.15), derive an expression for the
gradients with respect to x1,x2, . ..,x; of the version of this problem in
which the states s; are eliminated.

4. Consider a DNN with ResNet structure, in which there are connections not
just between adjacent layers but also connections that skip one layer,
connecting the transformed output of the neurons at layer i to the input at
layer i 4+ 2. Write down the extension of the constrained formulation
(11.11) to this case. By working with the implicit function theorem
techniques of Section 11.5.2, derive expressions for the total derivative of
the objective function with respect to the parameters of the DNN.



Appendix

We gather in this appendix some background information for the analysis in the book,
including definitions, proofs of results stated in the chapters, and some foundational
results, such as linear programming duality and separation of convex sets.

A.1 Definitions and Basic Concepts

Sets. We assume familiarity with the ideas of open, closed, and compact sets. The
distance of a point x to a set C is

dist (x,C) = inf ||x — y|. (A.1)
yeC

The closure of a set C, denoted by cl(C), is the set of all points x such that dist (x,C) =
0 The interior of a set C, denoted by int(C), is the largest open set contained in C
AsetCisconvexifx e C,ye C = ax+ (1 «a)y e Cforalla € [0,1] A set
Cisdffineifx e C,ye C = ax+ (1 o«o)yeCforalloe e R
The affine hull of a set C, denoted aff (C), is the smallest affine set containing C
An explicit definition is

m m
aff (€)= {> eix' | Y ey =1.x" eCli=12....m¢. (A2)
i=1 i=1

The relative interior of C, denoted i (C), is the interior of C when regarded as a subset
of its affine hull. Explicitly:

ri(C):={x eaff(C)|3e > Osuchthat|y — x| <€
and y € aff (C) = y € C}. (A.3)
As examples, the set C := [0,1] x (0,1] x {1} C R3 has affine hull aff (C) = R? x {1}
and relative interior ri (C) = (0,1) x (0,1) x {1}.

When 2 is a convex set, we define multiplication by a nonnegative scalar o as
follows:

a2 :={av: v e Q}.

200
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We define set addition for convex sets 2;,i = 1,2, ...,m, as follows:

m m . .
ZQi = Zv’: Ve, i=12 ,m

i=1 i=1

The set C € R" isaconeifx € C = ax € C forall @ > 0. The polar C° of a
cone C is defined by C° := {y | yTx <0 forallx € C}

Order Notation. Given two sequences of nonnegative scalars {n;} and {¢;}, with
Ly — 00, we write n = O(&y) if there exists a constant M such that n < Mg
for all k sufficiently large. The same definition holds if ¢ — O.

For sequences {n;} and {¢;}, as before, we write n; = o(¢y) if ni /¢ — O as
k — oo We write n; = Q (&) if both n = O(&) and & = O (ng)

For a nonnegative sequence {1y}, we write ny = o(1) if ny — 0

We sometimes (as in Section 2 2) use order notation without explicitly defining
sequences like {n;} and {{;} Consider, for example, the expression (2.6), which is

fx+p)=f@+Vr@Tp+odlpl).

This usage can be reconciled with our previous definition by considering a sequence of
vectors {pk} with ||pk || = 0. We then have

Fa+p = f@+ Vi@t +odlpiD,
where the notation o(-) is defined as before. Even more specifically, if we define
o= fa+ PN = f ) = VTN

we have [|r¥|| = o(|| p*|D).

Convergence of Sequences. Given a sequence of points {xk}kzo, 1,2,... with xkeRrr
for all k, we say that x is the limit of this sequence if for any € > 0, there is k¢ such that
||xk x|| < e forall k > ke We denote this by x = limy_, o xk

We say that x is an accumulation point of the sequence {xk} if, for any index K and
any € > 0, there exists k > K such that ||xk — x|| < €. When this condition holds, we
can define an infinite index set S C {1,2, ...} such that limy_, o, res xK = x.

When x = limy_, oo xk, we say that the sequence {xk} converges Q-linearly to x if
there is p € (0, 1) such that for all £ sufficiently large, we have

k+1

llx x|l

Ixk x| ~
We say that {xk} converges R-linearly to x if there is a sequence of positive scalars {n}
such that {1} converges Q-linearly to zero, and ||xk — x|| < ny for all k.

Linear Algebra. A symmetric matrix A € SR"*" admits the eigenvalue decomposi-
tion A = Z;’:l At wHT, where {ul,uz, ...,u"} is an orthonormal set of eigenvec-
tors and A; = X;(A) are the (real) eigenvalues, usually arranged in nonincreasing order.
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We define Amax(A) = max;—=1,2, .. n Ai(A) and Apin(A) = min;—y 5 . , A;i(A). For
such matrices, the trace equals the sum of eigenvalues; that is,

trace (A) = Y Aj; = Y _ % (A) (Ad)

i=1 i=1

Jensen’s Inequality and an Integral-Norm Inequality. Jensen’s inequality can be
stated in several forms, one of which is the following: Let (£2,.4, ) be a probability
space, so that ;£(€2) = 1 Suppose that g is a real valued function that is u integrable,
and that ¢ is a convex function on the real line. Then we have

<0< fg g(S)du(S)> < /Q 0((s)) du(s) (AS)

Noting that the integral represents an expected value, then by relabeling the function g
as a random variable X, we can rewrite this result as follows:

EX)) < E(p(X)) (A6)

A closely related result from analysis is the following: Let (S,.A, 1) be a measure
space, f: § — X be integrable, where X is a Banach space equipped with norm || - ||.
We then have

H/ f(s)du(s)
s

< /S LF ) das). (A7)

Taylor’s Theorem For Vector Functions. Taylor’s theorem is a foundational result for
smooth optimization, as it enables us to use derivative information about a function f
at a particular point to estimate its behavior at nearby points. We included a discussion
of Taylor’s theorem for a smooth function f: R” — R in Chapter 2 Here we introduce
a variant for vector functions F: R" — R”, that is useful in analyzing systems of
nonlinear equations

Theorem A.1 Let F: R" — R" be a system of nonlinear equations with continuously
differentiable Jacobian J (x). We then have for any x, p € R" that

1
F(x+p)— F(x) =/0 J(x +tp)pdt.

Implicit Function Theorem. The implicit function theorem describes the sensitivity
of a vector function s(x) € R? to its vector argument x € R”, where there is an implicit
relationship between function and argument that is defined in terms of another vector
function A (x,s(x)) = 0, where h € RP has the same dimension as s

We state the result rigorously as follows. (For a proof, see Lang, 1983, p. 131.)

Theorem A.2 Let h: R" x RP — RP be a function such that the following three
conditions hold.

(i) h(x* s*) =0 for some s* € RP and x* € R"
(ii) h(-,-) is continuously differentiable in some neighborhood of (x*,s*)
(iii) Vgh(x*,s*) € RP*P s nonsingular
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Then there exist open sets Ny € RP and Ny € R" containing s* and x*, respectively,
and a continuous function s(-) : R" — RP, uniquely defined, such that s(x*) = s*, and
h(x,s(x)) = 0 for all x € Ny. The gradient of the function s is defined by

Vs(x) = V ch(x,s()[Vsh(x,s(x))] ™!

If his r > 1 times continuously differentiable with respect to both its arguments, then
s(x) is also r times continuously differentiable with respect to x.

A.2 Convergence Rates and Iteration Complexity

‘We show here how convergence rate expressions, both linear and sublinear, can be used
to obtain a lower bound on the number of iterations required to reduce the quantity of
interest below a certain given threshold € > 0 This bound is often called the iteration
complexity of the algorithm

Denote by {rj} the sequence of nonnegative scalar quantities of interest, with
7, — 0. We could have 7, = f (xk) f* (the difference between the function
value at iteration k and its optimal value), or 7 = ||V f (xk)|| (gradient norm), or
T = dist(xk,S) (distance between current iterate xk and the solution set), to mention
three examples We denote the target value for 7y by € > 0 and obtain expressions for
the number of iterations k require to guarantee 73 < €

Suppose that we can prove sublinear convergence of the form

A
k+ B’
for some scalars A > 0 and B > (. Simple manipulation shows that we have 3 < €

whenever k > (A/e) B.
Suppose instead that we have a slower form of sublinear convergence, namely,

A
T, <

= 7?4—37

In this case, we can guarantee 73 < € for all k > (A/e)2 — B.
Suppose that we are able to prove Q-linear convergence of {7} to zero — that is,

T < k=12,...,

k=12,

Tk+1 < (1 —@)7g, forsome ¢ € (0,1). (A.8)
By applying the bound (A 8) recursively, we have
a<1-—¢)F "7, k=12 ....
Thus, we can guarantee 7 < € when
(- 1o <e

When 71 < €, we don’t need to look further 7 = 1 will suffice Otherwise, divide
both sides by 71 and take logs, to obtain the equivalent condition

(T — 1 log(l — ¢) < log(e/7y).
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Now, using the fact that log(1+1¢) < ¢ forallt > —1, we find that a sufficient condition
for this inequality is that

—(T — ¢ < log(e/t1),

or, equivalently,
1
T > gl log(e/Tp)| + 1. (A9)

Note that the threshold € enters only logarithmically into the estimate of K The more
important term involves the value ¢, which captures the rate of linear convergence

A.3 Algorithm 3.1 Is an Effective Line-Search Technique

We prove here that Algorithm 3 1 succeeds in identifying a value of « that satisfies the
weak Wolfe conditions, unless the function f is unbounded below along the direction
d (This proof is adapted from Burke and Engle, 2018, lemma 4 2 )

Theorem A.3 Suppose that f: R" — R is continuously differentiable and that x,d €
R" are such that V f (x)Td < 0. Then one of the following two possibilities must occur
in Algorithm 3 1

(i) The algorithm terminates at a finite value of a for which the weak Wolfe
conditions (3 26) are satisfied

(ii) The algorithm does not terminate finitely, in which case U is never set to a finite
value, L is set to 1 on the first iteration and is doubled at every subsequent
iteration, and f(x +ad) — oo for the sequence of a values generated by the
algorithm.

Proof Suppose that finite termination does not occur. If, indeed, U is never finite, then
L is set to 1 on the first iteration (since otherwise the algorithm would have terminated)
and « is set to 2. In fact, « is doubled at every subsequent iteration, and moreover, the
condition f(x + ad) < f(x) +c1aVf (x)Td holds for all such «, which implies that
f(x + ad) approaches oo for some sequence of values of o approaching co. Hence,
we are in case (ii).

Suppose now that finite termination does not occur but that U is set to a finite value
at some iteration Using / to denote the iterations of Algorithm 3 1, and L;, ¢y, and
U; denote the values of the parameters at the start of iteration /, we have initial values
Ly =0,0p9 = 1, and Uy = oo Note too that L; < o < Uj Since Uj is eventually
finite for some /, we have that L; < «; < Uj for all [, and since the length of the interval
[L;, U] is halved at each iteration after U; becomes finite, there is a value « such that

Lita, ogq—a U l« (A 10)
If L; = 0 for all /, then we have « = 0 and
fx+aod)  fx)

7

> ViwTd, 1=012,...,
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so by taking limits as /| — oo, we have Vf(x)Td > ¢;Vfx)Td, which is a
contradiction since c¢; € (0,1) and V f (x)Td < 0. Thus, there exists an index / such
that L; > O for alll > [.

Consider now all indices [ > /. We have the following three conditions:

fx+Lid) < f(x)+e LV, (A.11a)
fx+Ud) > f&x)+c UV, (A.11b)
Vix+Lid)Td <cVieTd. (A.11¢)

Condition (A.11b) holds because each value of U; is defined to be a value of « for which
the first “if” test is satisfied — that is, f(x + ad) > f(x) + clotVf(x)Td. Similarly,
condition (A.11a) holds because each L; is defined to be a value of « for which the first
“if” test fails — that is, f(x + ad) < f(x) + clonf(x)Td. Condition (A.11c¢) holds
because each L; is defined to be a value of « for which the “else if” condition holds —
thatis, Vf(x + ad)Td < eV f(x)7d.

By taking limits in (A.11c) as [ — oo, we have

Vix+ad)ld <ceVimTd. (A.12)
By combining (A.11a) and (A.11b) and using the mean value theorem, we have
AW —LPVf)'d < f(x+Uid) = f(x + Lid) = (U — LV f (x +&d) d,

for some @; € (L;,Up), for all I > [y. By dividing by U; — L; and taking limits in
this expression, we obtain that ¢; V f (x)Td < V f (x +ad)T d. This contradicts (A.12),
since V£ (x)Td < 0and 0 < ¢; < ¢. We conclude that if U is set to a finite value on
some iteration, finite termination must occur. But when finite termination occurs, the
final value of « satisfies the weak Wolfe conditions (3.26), so we are in case (i). O

A.4 Linear Programming Duality, Theorems
of the Alternative

Linear programming duality results are important in proving optimality conditions for
constrained optimization, as well as being of vital interest in their own right. We start
by discussing weak and strong duality theorems, then discuss the use of these theorems
in proving so-called theorems of the alternative. (The celebrated Farkas lemma used in
constrained optimization theory is one such theorem.)

Consider the following linear program in standard form:

min ¢/ x subjectto Ax =b, x >0, (A.13)
X
where A € R™*" ¢ € R", b € R™, and x € R". This problem is said to be infeasible
if there is no x € R that satisfies the constraints Ax = b, x > 0, and unbounded if
there is a sequence of vectors {xk }k=1,2, thatis feasible (that is, Axk = b, xk > 0),

with T xk - —c0.
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The dual linear program for (A.13) is
max bT A subjectto ATA+5s=1¢, 5s>0. (A.14)
S

Sometimes, for compactness of expression, the “dual slack” variables s are eliminated
from the dual formulation, and it is written equivalently as

m}z}x bl subject to AT <c (A'15)

Two fundamental theorems in linear programming relate the primal and dual
problems. The first, called weak duality, has a trivial proof.

Theorem A.4 Suppose that x is feasible for (A 13) and (A,s) is feasible for (A 14)
Then bT A < cT'x

Proof
Ty = (ATA + s)Tx = AT(Ax) +sTx > bl

(The inequality follows from primal feasibility Ax = b and the fact that s > 0 and
x > 0 imply sTx >0.) [m]

The second duality result, called strong duality, is much more difficult to prove.

Theorem A.5 Considering the primal-dual pair (A 13)—(A 14), exactly one of the
following three statements is true.

(i) Both (A.13) and (A.14) are feasible, both have solutions, and the objective values
of the two problems are equal at the optimal points.
(ii) Exactly one of (A.13) and (A.14) is feasible, and the other is unbounded.
(iii) Both (A.13) and (A.14) are infeasible.

This result has several interesting consequences It tells us, for example, that we
cannot have a situation where one of the primal dual pair has an optimal solution while
the other is infeasible or unbounded. It also tells us that if one of the pair is unbounded,
the other is infeasible.

A common proof methodology (omitted here) is via the properties of the simplex
method. Using the traditional exposition of simplex via tableaus and pivot rules, it can
be shown that the method terminates in one of the three states above, when appropriate
anti-cycling rules are applied.

Strong duality can be used to prove theorems of the alternative, which are typically
a pair of conditions, each involving linear equalities and inequalities, of which
exactly one holds. One such theorem, known as the Farkas lemma, is instrumental in
proving the Karush—Kuhn-Tucker (KKT) conditions, which are first-order optimality
conditions for constrained optimization.

Lemma A.6 (Farkas Lemma) Given a set of vectors {ai eR"i=1,2, ,K }anda
vector b € R", exactly one of the following two statements is true

1. There exist nonnegative coefficients A; > 0,i = 1,2,. o K, such that
b =YK | ndl. Thatis, bis in the cone defined by {a* € R" |i = 1,2,...,K}.
II. There exists s € R" such that bT s < 0 and (ai)Ts >O0foralli =1,2,...,K.
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Proof Assembling the vectors a' into an n x K matrix A := [al,az, o ,aK], we
consider the following linear program:
min 07 A subjectto AL =b, A >0, (A.16)
which has the form of (A 13) with ¢ = 0 The dual is
max bt subjectto ATt <0. (A.17)
Since the dual is always feasible (t = O satisfies the constraints), we have from

Theorem A.5 that there are only two possible outcomes: Either (A.16) is infeasible and
(A.17) is unbounded (case (ii) of Theorem A.5) or both (A.16) and (A.17) both have
solutions, with equal objectives. The first of these alternatives corresponds to case II:
There is no vector A > 0 such that AL = b, but because of unboundedness of (A.17),
we can identify ¢ such that b7+ > 0 and (@")Tr < Oforalli = 1,2,...,K. We set
s = —t to obtain case II. The second alternative corresponds to case I: Feasibility of
(A.16) means existence of A > 0 such that b = Z,K:1 aiAi. o

A second theorem of the alternative called Gordan’s theorem is useful in proving
results about separating hyperplanes between convex sets We make use of this result
in Section A 6

Theorem A.7 (Gordan’s Theorem) Given a matrix A, exactly one of the following two
Statements is true.

ATy > 0 for some vector y; )
Ax =0, x>0, x #0 for some vector x )
Proof Defining 1 to be the vector (1,1, ...,1) with the same number of elements as

there are columns in A, we note that statement (I) is equivalent to the following linear
program having a solution:

myin OTy subject to ATy >1¢( P)

The dual of (P) is

max 17x subjectto Ax =0, x > 0. (D)
We now argue from strong duality. Suppose first that (I) is true. Then, by scaling y by
a positive scalar as needed, we can say that (P) is feasible and, thus, has a solution with
objective 0. Thus, from strong duality, (D) also has a solution with zero objective. But
this means that (II) cannot be true, because if any x were to satisfy (II), it would be
feasible for (D) with a strictly positive objective — greater than the maximum value.
Hence, we have shown that if (I) is true, (II) must be false.

Suppose now that (I) is false. Then there can be no feasible point for (P) (since if
there were, it would satisfy (I)) Thus, from strong duality, (D) is either infeasible or
unbounded Since it is clearly not infeasible (the vector x = 0 is a feasible point), it
must be unbounded. In particular, there must be a vector x such that Ax = 0, x > 0,
with17x > 0, and from the latter, we can infer than x # O Thus, (II) holds. m]
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A.5 Limiting Feasible Directions

We now introduce the concept of limiting feasibility directions to a closed convex set
£2 and derive an alternative a first-order optimality condition for min, . f(x) that will
be useful in subsequent analysis. (This concept is also useful in the case of nonconvex
feasible sets, which we do not consider in this book.)

Definition A.8 We say that t € B" is a limiting feasible direction for the set  ata
point x € € if there is a sequence of vectors # — t and a seqeunce of positive scalars
a; — 0 such that x + a;t' € Q

Some limiting feasible directions for a set £ with a curved boundary are shown in
Figure A.1.

The following result establishes a relationship between the normal cone and limiting
feasible directions for closed convex £2.

Theorem A.9 Given the closed convex set Q and a point x* € Q, we have that v €
Nq(x*) ifand only if yTt = 0 for all limiting directions t to  at x*

Proof Suppose first that y € Ng(x*), so that }-‘T(x x*) = Oforall x € Q. Givena
direction t and associated sequences t' and o; = 0, we have that

_\'T((x* +cqr") x*) = a;j.-'TIj =0,

so, dividing by «;, we obtain _\1T.f'- = O forall i By taking limits as i — o0, we obtain
vii=0

Suppose now that }-‘TI = 0 for all limiting directions f, and let x be an arbitrary
clement of By definining 1! = (x  x*)and @; = 1/i foralli > 1, we have by
convexity that x* + ;! = (1 1/i)x* + (1/i)x € Q, so these sequences define the
limiting direction t = (x  x*) We therefore have }‘T(x x*y = 0forall x € Q, so
that v € Ng(x®), completing the proof O

Figure A.1 Limiting feasible directions.
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A.6 Separation Results

Here we discuss separation results, which are classical results about the existence of
hyperplanes that separate two convex sets X and Y, such that X is on one side of
the hyperplane and Y is on the other. These results are vital to deriving optimality
conditions for convex optimization problems; we rely on them in Chapter 10.

We start with a technical result about compact sets.

Lemma A.10 Suppose that A is a compact set. Let Ax, x € X be a collection of
subsets of A, all closed in A, for some index set X. If for every finite collection of
points x1,x2, ..., x™ € X, we have that NI Ayi # O, then Nyex Ax # 0.

Proof We prove the result by contradiction Since each Ay is closed in A, its
complement A is open in A If NycxAyx = @, then {AS |x € X} is an open cover
of A Thus, by the Heine—Borel theorem, there is a finite subcover that is, a set of
points xLx2, ,x ™ € X such that U?”zlAii = A It follows that ﬂ;":le,- =0, a
contradiction ]

Using this result, we show that any convex set not containing the origin can be
contained in a half-space passing through the origin.

Lemma A.11 Ler X be any nonempty convex set such that 0 ¢ X Then there is a
nonzero vector t € R" such that i x < Oforallx € X

Proof Define A := {v € R" | ||v|| = 1}, and for all x € X, define
Ax ::{veA|vTx§O}

Clearly, Ay is compact for all x € X. Now let x 1 R xz, ...,x™ be any finite set of vectors
in X. Since 0 ¢ X, then O is not in the convex hull of the vectors xl,xz, ..., x™. That
is, defining A to be the matrix whose columns are xl,xz, ..., x™, there is no vector
p € R™ such that Ap = 0, p > 0, 17 p = 1 (where 1 is the vector containing m
elements, all of which are 1). Thus, there is no p such that

Ap=0, p>0, p#0,

since if there were, then p = p/ a’ p) would have the forbidden properties It
follows from Gordan’s theorem (Theorem A.7) that there must be a vector ¢ such
that ATt > 0, that is, (xi)Tt > 0,1 = 1,2,...,m. Therefore, we have that
—t/lltll2 € Ni=1,2,...,m Ai- Thus, the conditions of Lemma A.10 are satisfied, so there
must exist a vector ¢ such that ||7]l, = 1 and Tx <Oforallx € X o

The inequality 7Tx < 0 need not be strict. An example is when X C RZ is the
convex set consisting of the entire left half-plane {1, x2)T: x1 < 0} with the exception
of the half-line {(0,x2)7: x, < 0}. The only possible choices for ¢ here are t = (8,0)T
for any B > 0, and all these choices have 7 Ty = 0 for some x € X. However, with the
additional assumption of closedness of X, we can obtain strict separation.

Lemma A.12 Let X be a nonempty, convex, and closed set with O ¢ X. Then there is
t € R" and o > 0 such that tT x < —a forall x € X.
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Proof Recalling the projection operator defined in (7.2), we have, by assumption, that
Px(0) # 0. (If Px(0) were zero, we would have 0 € cl(X) = X, which is false
by assumption.) We have by setting y = 0 in the minimum principle (7.3) that (0 —
Px (0)T (z — Px(0)) < Oforall z € X, which implies Px(0)7 z > || P (O)||% > 0. We
obtain the result by takingt = P(0) and @ = ||P(0) ||%. ]

Having understood the issue of separation between a point and a convex set, we turn
to separation between two closed convex sets. It turns out that separation is possible,
but strict separation requires the additional condition of compactness of one of the sets.
We show these facts in the next two results.

Theorem A.13 (Separation of Closed Convex Sets) Let X and Y be two nonempty
disjoint closed convex sets Then these sets can be separated; that is, there is ¢ € R"
withc # 0, and o € R such thatcTx  « <O0forallx € X andcTy o > 0 forall
yeyY

Proof We first define the set X — Y as follows:
X Yi={x y:xeX yeY} (A 18)

An elementary argument shows that X Y is convex Since X and Y are disjoint, we
have that 0 ¢ X Y We can thus apply Lemma A 11 to deduce that there is ¢ # 0
such that cT(x y) <0Oforall x € X,y € Y By choosing an arbitrary x € X, we
have that cTy is bounded below by ¢T3 for all y € Y. Hence, the infimum of cTy over
y € Y exists; we denote it by & and note that ¢7 y > « for all y € Y. Moreover, since
cTx < cTy forall x € X, y € Y, we must have cTx < « too. We conclude that for

these definitions of ¢ and «, the required inequalities are satisfied. O

We investigate further the properties of the set X Y defined in (A 18), where X
and Y are closed convex sets We noted above that X Y is convex, but it may not be
closed. Consider the following example of two closed convex sets in RZ:

X = {(x1,x2) [x1 > 0,x2 > 1/x1}, Y ={01,y2) y1 >0,y < —1/y},

and define the sequences {xk} and {yk} by XK= &, l/k)T € X forall k > 1, and
yk = (k, 1/k) e Y forallk > 1 The sequence ko= xk yk =(0,2/k)eX Y,
by definition, and * = 0, O)T, but (0, O)T ¢ X Y Thus, X Y is not closed in
this example However, by adding a compactness assumption, we obtain closedness of
X Y, and thus a strict separation result

Theorem A.14 (Strict Separation) Let X and Y be two disjoint closed convex
nonempty sets with X compact. Then these sets can be strictly separated, that is, there
isceR" a eR ande > 0 such that cTx — « < —€forallx € XandcTy—a > €
forally eY.

Proof We first show closedness of X — Y. Let X be any sequence in X — Y such
that zK — z for some z. Closedness will follow if we can show that z € X — Y. By
definition of X — Y, we can find two sequences {xk }in X and {yk} in Y such that
ko= xk - yk. Since X is compact, we have by taking a subsequence if necessary that

xk =k +yk — x for some x € X. Thus, we have that yk =xk—zk 5 x — 7 and
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by closedness of Y, we have x —z € Y. Thus,z = x — (x —z) € X — Y, proving our
claim that X — Y is closed, as well as being nonempty and convex.

Since 0 ¢ X — Y, we use Lemma A.12 to choose a nonzero t € R" and 8 > 0
such that 77 (x — y) < —B forall x € X and y € Y. Fixing some y € Y, we have that
iTx < —B+1iTyforall x € X. Hence, £/ x is bounded above for all x € X, so there is
a supremal value y such that Ty < y. A similar argument shows that 7 T y is bounded
below for all y € Y, and has an infimal value §. Moreover, we have that y + 8 < §.
Thus, for all x € X and y € Y, we have that

th§y<)/—|—ﬁ/2<y+/3§t_Ty.

We obtain the result by settingc = ¢, ¢ = y + B/2, and € = B/2. O

Supporting Hyperplane for Convex Sets. We now prove an almost immediate
consequence of the separating hyperplane theorem, a result called the supporting
hyperplane theorem that is used in the discussion of existence of subgradients in Section
8 1 We first need the following definition. Given a set X C R", we say that x € X is
a boundary point of X if it is not in int(X) — that is, x € X and for any € > 0, there
exists y ¢ X with ||y — x| < e.

Theorem A.15 (Supporting Hyperplane Theorem) Let X be a nonempty convex set,
and let x be any boundary point of X Then there exists a nonzero ¢ € R" and o € R
such that T x = « but Tz < a forall z € X (We call the plane defined by ¢ x = «
the supporting hyperplane. )

Proof If X has an interior in R", then x ¢ int(X), and we apply Lemma A.11 to
separate 0 from int(X) — {x}. This result says that there is nonzero ¢+ € R”" such that
iT(z —x) < Oforall z € int(X). Thus, t7 (z — x) < 0 for all z € cl(X), and since
X C cl(X), we obtain the result by setting ¢ =t and « = T x.

if X does not have an interior, it is contained in a hyperplane. That is, there exist
nonzero ¢ € R” and « such that X C {z| Tz = a}. These ¢ and « satisfy our claim
(rather trivially). O

Separating a Convex Set from a Hyperplane. Two sets C; and C, are said to be
properly separated if there is a separating hyperplane defined by ¢ x = « such that
it is not the case that both C| and C, are contained in the hyperplane. Recalling
the definition of relative interior of a set C from (A 3), we have the following result
concerning proper separation

Theorem A.16 (Rockafellar, 1970, Theorem 11.3) Let C1 and Cy be nonempty convex
sets. These sets can be properly separated if and only if their relative interiors 1i (C1)
and i (Cy) are disjoint

We refer to Rockafellar (1970) for the proof, which depends on a number of other
technical results. We have the following corollary.
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Corollary A.17 Suppose that Cy is a nonempty convex set and Cy is a subspace, with
11 (Cy) disjoint from Cy. Then there is a vector ¢ such that Tx = Oforall x € Cy and
Tx < 0 for all x € Cy, with the inequality being strict for some x € C].

Proof Since C; is a subspace, we have Cp = aff (C3) = ri(Cp) Thus ri (Cq) and
1i (Cp) are disjoint, so we can apply Theorem A 16 to deduce that C; and C, are
properly separable. Let (c,«) define a properly separating hyperplane, with Tx <a
forall x € Cy and ¢Tx > « forall x € C,. Since C; is a subspace, we have 0 € C,
and thus ¢ < 0. In fact, we must have cTx = 0forall x ¢ C,. (If this were not
true — that is, ¢/ x > 0 for some x € Cy — we have from fx € C, for all 8 € R that
{Tx|x e Cy} = (—00,00), contradicting the existence of «.) If « < 0, the claim
follows immediately, from nonemptiness of C;. If « = 0, we have that the separating
hyperplane ¢Tx = 0 contains C». Thus, since C| and C, are properly separated by this
hyperplane, the hyperplane cannot contain C; as well as C,. Thus, ¢ x < 0 for some
x € Cy, as claimed. O

Normal Cone of the Intersection of an Affine Space and a Convex Set. We now
restate Theorem 10.4, the critical result concerning the normal cone of the feasible set
for the problem (10.1), and provide a proof.

Theorem A.18 Suppose that X € R" is a closed convex set and that A := {x | Ax = b}
for some A € R™*" and b € R™, and define Q := X N A. Then for any x € Q, we
have

No(x) D Ny(x) 4+ {ATa| 2 e R} (A 19)
If, in addition, the set 1i (X)N A is nonempty, then this result holds with equality; that is,
No(x) = Ny(x) +{AT A1 e R} (A 20)

Proof To show (A.19), take any z € €2, and note that z — x € null (A4), so that (z —
0T ATL =2TA(z—x) =0forall A € R™. Forany u € Ny (x), we have (z —x)Tu <
0, by definition of N y (x). It follows that

z Tw+4aTn <o,

andsou + ATx e Nq(x) forany u € Ny (x) and any A € R"

For the assertion “C” in (A 20), we choose an arbitrary v € Ng(x), and aim to
show that v € Ny (x) + N 4(x) By choice of v, we have vT(z x) < 0 for all
z € Q = X N .A. We define the following sets:

Ci={(p eR"|y=z xforsomeze Xandpu <vly},
Ca={(n.) e R |y € null (A), pu = 0).

Note that C5 is a subspace and that C7 is closed, convex, and nonempty. Note too that
ri (C1) and C, are disjoint, because if there were a vector (3,1) € 1i(Cy) N Cp, we
would have Z = x + y € X and AZ = Ax = b, so that Z € Q. Moreover, we would
have vT$ > & = 0 and, thus, vT (Z — x) > 0, contradicting v € Ng(x). We can now
apply Corollary A.17 to deduce the existence of a vector (w,y) € R” x R such that
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inf wTy—l—y,u < sup wTy—l—y,u <0, (A.21)
On ey (. weC
while
wlu =0 forall u € null (A). (A.22)

This latter equality implies that w = AT ) for some % € R™

We note next that y > 0, since otherwise we obtain sup(, ,)ec, wTy +ypu=o00
by letting u tend to  co. We also cannot have y = 0, as we argue now If y = 0, we
would have from (A 21) that inf(y ,)ec, wly < SUP(y, 1yeC wTy < 0, and so, in
particular, w” (z  x) < 0 for some z € X For any point ¥ € ri (X), we claim that
wl (& x) < 0. If (for contradiction) we were to have w! (¥ x) > 0, we would find
that for small positive « and the fact that z x € aff(Cy) thatx «(z x) € Cy,
and hence, from (A 21), that wT(i a(z x) x) <0 On the other hand, we have
wl' G az x) x)=wl & x) awl(z x) > 0,a contradiction Thus,
w! (¥ — x) < 0forall ¥ € ri(X). It follows from (A.22) that ¥ — x ¢ null (A) and,
thus, AX # Ax = b. Thus, there exists no point X € ri (C)N.A, so y = 0 s not possible.

We thus have that y in (A.21) is strictly positive. Taking any z € X', we have from
(A.21), by setting u = va = vT(z — x) in the definition of Cy, that

wT(z —xX)+yu= wT(z —x)+ va(z —x)=(w+ yv)T(z —x) <0.

Therefore, we have w + yv € Ny (x) andso (1/y)w+v = (1/y)(w+yv) € Ny (x).
Since we already observed following (A.22) that w = AT ) for some A € R™, we have

v=(1/y)w+v) (A/y)we Nxx)+Ngk),

as required. O

A.7 Bounds for Degenerate Quadratic Functions

We prove here some claims concerning convex quadratic functions that may not be
strongly convex. We show here that such functions satisfy the PL property (3.45). Thus,
algorithms applied to these problems have similar performance as when applied to
strongly convex functions. The modulus of convexity m in the standard convergence
analysis can be replaced by the the minimum ronzero eigenvalue of the Hessian of the
quadratic function.

Consider first the function f(x) = %xTAx arising in Section 3.8, where A is
positive semidefinite n x n matrix with rank » < n and eigenvalues A1 > Ay > ... >
Ar > 0. We claim that f satisfies (3.45) with m = A,-. To prove the claim, we write the
eigenvalue decomposition of A as follows:

,
A= Zkiui(ui)T,

i=1
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2

where {ul ,u”, ...,u"} is the orthnormal set of eigenvectors. We then have that

2
AR d : 2
IV = Ax2 = | Y iz x| =323 [w)x]
i=1 i=1
Meanwhile, we have
1 1 « i T2
Fo) = () = 3xT Ax = 5 2o [ x]",
so that
il . 2 < . 2
2 (F0) = F@N = Y ki [ @) k] = YR [@hTx] =190l
i=1 i=l1

as required.
Next, we recall from Section 5.2.2 the Kaczmarz method, which is a type of
stochastic gradient algorithm applied to the function

1 2
- JAx—b
f) 2N|| X -,

where A € RV and there exists x* (possibly not unique) such that f(x*) = 0, that
is, Ax* = b. (Let us assume for simplicity of exposition that N > n ) We claimed in
Section 5.4 2 that for any x, there exists x* such that Ax* = b in which

2 2
lAx —blI* = )\min,nz”x - x*” s

where Apin pnz 1S the smallest nonzero eigenvalue of ATA We prove this statement by
writing the singular value decomposition of A as

n
— -
A_Zalu,vi ,

i=1

where the singular values o; satisfy

012022 0 ,>0p4=-+=0p =0,
so that r is the rank of A. The left singular vectors {u,u2, ..., u;} form an orthonormal
setin RY , and the right singular vectors {v{, vy, ..., v,} form an orthonormal set in R”.

The eigenvalues of AT A are aiz, i =1,2,...,n, so that the rank of AT A is r and the

smallest nonzero eigenvalue is Ampip nz = arz.
Solutions x* of Ax* = b have the form

" uTh n
* i
X =Z o vi—l—'z T Vj,
i=1 i=r+l1
where 1,41,...,74 are arbitrary coefficients. Given x, we set 7; = viT X, i =r+
1,...,n. (We leave it as an Exercise to show that this choice minimizes the distance

llx — x*|.) We then have
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lAx —b)12 = [A(x — x*))?

2
n
ZoiuiviT(x —x™)
i=1
2
,
= ZoiuiviT(x x*)

i=1

=07 ) ] =P
i=1

n
T 2
= )‘min,nz Z[Ui (x X*)]
i=1
2
= )‘min,nZ”x - x*” ,

where the last step follows from the fact that [vy,vp, ,v ,]is a n x n orthogonal
matrix
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differentiation
alternating direction method of multipliers
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augmented Lagrangian method, 167, 180-182,
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software, 187
specification of, 181
automatic differentiation, 103, 192—-195
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computation graph, 193
reverse mode, 194
reverse sweep, 194, 196
averaging of iterates
in dual subgradient method, 180
in mirror descent, 48, 50
in the stochastic gradient method, 89
in subgradient method, 156, 157

back-propagation, 75, 194
boundary point of a set, 211
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of second-order methods, 42-44
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first-order necessary conditions, 147
first-order optimality conditions, 146-148
strongly convex, 147
compressed sensing, 168
computational differentiation, see automatic
differentiation
condition number, 61
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definition of, 128
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polar of, 201
of positive semidefinite matrices, 173
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conjugate gradient method, 55, 68 70
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nonlinear, 70-72
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convex, 144 146
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195, 197
statement of, 118, 170
constraint qualification, 145, 175, 177
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Q-linear, 201, 203
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of function, 21
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93, 104, 107, 111, 113, 161, 165, 213
in non-Euclidean norm, 45, 50
of quadratic function, 31, 55, 58
of set, 21, 144, 200, 208
strong, 21 24, 30-32, 34, 45, 47, 88, 93,
107, 109, 115, 120, 148, 165
weak, 21, 107, 112
coordinate descent methods, 39, 100-114
accelerated, 115
block, 100, 101, 113-114, 116, 182
comparison with steepest-descent method,
109-111
cyclic, 110-113, 115
for empirical risk minimization, 101 102
for graph-structured objective, 102-103
in machine learning, 101
parallel implementation, 116
proximal, 154, 164-167
random-permutations, 112
randomized, 37, 101, 105-111, 115, 165
for regularized optimization, 113

Danskin’s Theorem, 133, 141 142, 151, 179
data analysis, 1 3, 100
data assimilation, 188, 190
deep learning, see neural networks
descent direction, 27 155
definition of, 27
Gauss-Southwell, 37, 115
in line-search methods, 36-38
randomized, 37
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differential equation limits of gradient
methods, 56-57, 71
dissipation term, 56
directed acyclic graph (DAG), 193
directional derivatives, 40, 137 141, 153
additivity of, 138
definition of, 137
homogeneity of, 138
at minimizer, 137
distributed computing, 183, 184
dual problem, 170, 172, 178, 185
for linear programming, 206
dual variable, see Lagrange multiplier
duality, 170, 171
for linear programming, 200, 205 206
strong, 178-179, 206, 207
weak, 155, 172 174, 206
duality gap, 173
example of positive gap, 173-174, 187

effective domain, 134, 136, 139, 143, 146

eigenvalue decomposition of symmetric
matrix, 202

empirical model, 3

empirical risk minimization (ERM), 78-80,
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and finite-sum objective, 79

entropy function, 46

epigraph, 21, 134, 135

epoch, 160

Euclidean projection, see projection operator

extended-value function, 134, 144

Farkas Lemma, 205-207
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feature selection, 2, 5
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finite differences, 103

finite-sum objective, 2, 12, 77, 80, 81, 85-87,
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Gelfand’s formula, 60

generalizability, 7, 13

global minimizer, 27

Gordan’s Theorem, 207, 209

gradient descent method, see steepest-descent
method

gradient map, 162
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gradient methods with momentum, see Lipschitz constant for gradient, 17, 23, 28, 33,
accelerated gradient methods 38,76, 87, 88, 101, 104, 122, 123, 125,
graph, 102, 182 128,161 163
objective function based on, 103, 182 componentwise, 104, 113, 115, 165
componentwise, for quadratic functions,
heavy-ball method, 55, 57, 65, 68, 71 104
Heine-Borel theorem, 209 for quadratic functions, 104
Lipschitz constant for Hessian, 43
image segmentation, 102 Lipschitz continuity, 17
implicit function theorem, 197, 202-203 logistic regression, 9-10, 86
incremental gradient method, 77, 95 binary, 9
cyclic, 80-81 multiclass, 10, 12, 192
randomized, 77, 80, 87 loss function, 2, 79, 101
indicator function, 114, 133, 144, 160, 183 hinge, 79, 132, 139
definition of, 144 low-dimensional subspace, 2, 3
proximal operator of, 148 lower-semicontinuous function, 134, 144
subdifferential of, 144, 145 Lyapunov function, 55
iterate averaging, see averaging of iterates for Nesterov’s method, 61-68, 71
Jacobian matrix, 188, 196, 198, 202 matrix optimization, 2, 5-6
Jensen’s inequality, 85, 106, 202 low-rank matrix completion, 5, 114
nonnegative matrix factorization, 6, 114
Kaczmarz method maximum likelihood, 4, 9, 10, 13
deterministic, 82 84 method of multipliers, see augmented
linear convergence of, 83 Lagrangian method

randomized, 75, 82-84, 86-87, 91-92, 95 min-max problem, see saddle point problem
Karush-Kuhn-Tucker (KKT) conditions, 206 minimizer

Kullback-Liebler (KL) divergence, 46 global, 15,29
Kurdyka-Eojasiewicz (KL) condition, 51, 116 isolated local, 15
local, 15, 148
label, 2, 3, 10, 11, 192 strict local, 15, 20
Lagrange multiplier, 172, 182, 184, 196 unique, 15, 147
Lagrangian, see Lagrangian function minimum principle, 121, 210
Lagrangian function, 170, 172, 175, 196 mirror descent, 44 50, 89
augmented, 180, 181, 183, 184, 186 convergence of, 47-50
for semidefinite program, 173 missing data, 3
Lanczos method, 44 momentum, 55, 72, 94
law of iterated expectation, 88 Moreau envelope, 133, 150-151
learning rate, see steplength gradient of, 150
least squares, 4-5, 75, 102, 114 relationship to proximal operator, 150
with zero loss, 82, 91
level set, 35, 104, 105, 147 negative-curvature direction, 43, 44
limiting feasible directions, 208-209 nested composition of functions, 188
line search, 105 Nesterov’s method, 55, 57, 70
backtracking, 41-42, 124 125 convergence on strongly convex functions,
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neural networks, 11 13, 132, 188, 191 192
activation function, 11, 198
classification, 12
layer, 11
parameters, 12
training of, 12

Newton’s method, 37

nonlinear equations, 196, 202

nonnegative orthant, 121, 177, 185

nonsmooth function, 75, 132 150
eigenvalues of symmetric matrix, 133
norms, 133

normal cone, 48, 133, 144, 175, 208, 212-213
definition of, 118
illustration of, 119
of intersection of closed convex sets,

144 146

nuclear norm, 5

operator splitting, 182
optimal control, 188, 197-199
optimality conditions, 133, 209
for composite nonsmooth function, 146-148
for convex functions, 134
examples of, 176-178
first-order, 196
first-order necessary, 18-20, 27, 118, 119,
174 178
first-order sufficient, 22, 34, 119, 123, 146,
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geometric (for constrained optimization),
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second-order necessary, 18-20, 42
second-order sufficient, 20
order notation, 16, 201
overfitting, 3

penalty function, 4
quadratic, 45, 170-171
penalty parameter, 171
perceptron, 78, 80, 95
as stochastic gradient method, 78
Polyak-Lojasiewicz (PL) condition, 51, 115,
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prediction, 2
primal problem, 170, 173, 178
probability distribution, 75, 79, 202
progressive function, 190, 191, 195-196
projected gradient method, 114, 122-127, 130,
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with backtracking, 124 125
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definition of, 122
short-step, 123—124
for strongly convex function, 125-126
projection operator, 120-122, 128, 148, 170,
185,210
nonexpansivity of, 121, 126
proper convex function, 134
closed, 134, 148
prox-operator, see proximal operator
proximal operator, 133, 148-150, 160, 162
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nonexpansivity of, 149, 161
of zero function, 149
proximal point method, 154, 167-168, 180
and augmented Lagrangian, 180
definition of, 167
sublinear convergence of, 167 168
proximal-gradient method, 110, 126, 148, 149,
154, 160-164, 168
linear convergence of, 161 162
sublinear convergence of, 162

quadratic programming, 185-186
OSQP solver, 186

regression, 2, 79, 101
regularization, 3
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ly,4,168
group-sparse, 10
regularization function, 3, 13, 26, 101, 103,
149, 160, 161
block-separable, 113, 114
separable, 101, 110, 115, 154, 165
regularization functions
block-separable, 116
regularization parameter, 3, 7, 9, 101, 160
regularized optimization, see composite
nonsmooth function
regularizer, see regularization function
restricted isometry property, 6
robustness, 7

saddle point problem, 171, 180
sampling, 79
with replacement, 113
without replacement, 113
semidefinite programming, 173
separable function, 183, 184
separating hyperplane, 7, 200, 207, 209, 211,
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separation, 200, 209-212
of closed convex sets, 210-211
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affine hull of, 200
closure of, 200
interior of, 200
multipliction by scalar, 200
relative interior of, 175, 200, 211
Sion’s minimax theorem, 180
slack variables, 185
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solution
global, 16, 21, 118, 119
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stationary point, 20, 27, 29, 34, 36, 195, 196
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62, 68, 76,77, 101, 105, 111, 149, 153,
155, 160, 161
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constant step norm, 158
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exact, 39
fixed, 28, 38, 92, 105, 107, 111, 158,
161 163, 167
in mirror descent, 49-50
for steepest-descent method, 28
for subgradient method, 158 160, 180
Wolfe conditions and, 39-42
stochastic gradient descent (SGD), see
stochastic gradient method
stochastic gradient method, 38, 75-95, 157,
192,214
accelerated, 96
additive noise model, 76, 86
basic step, 75 76
bounded variance assumption, 85
contrast with steepest-descent method, 76
convergence analysis of, 87-93
epochs, 92-94
hyperparameters, 93, 94
linear convergence of, 90-92
minibatches, 94-95, 192, 199
momentum, 94-95
parallel implementation, 94
SAG, 96
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sublinear convergence of, 82

SVRG, 96

variance reduction, 94
subdifferential, 132 144, 153

calculus of, 141 144

Clarke, 198

closedness and convexity of, 134

compactness of, 136, 143

definition of, 134

and directional derivatives, 138 141
subgradient, 132-144, 153, 211

definition of, 134

existence of, 135

minimum-norm, 154-156

of smooth function, 137

and supporting hyperplane of epigraph, 135
subgradient descent method, 155-156
subgradient method, 154, 156 160, 179, 198

with constant step norm, 158

with decreasing steplength, 158 160

dual, 179 181, 183, 185

with fixed steplength, 158

sublinear convergence of, 157-160
sufficient decrease condition, 39, 41, 125
support vector machines, 6-9, 78, 79, 132

kernel, 9

maximum-margin, 7
supporting hyperplane, 135, 211
symmetric over-relaxation, 111

Taylor series, see Taylor’s theorem
Taylor’s theorem, 15-18, 20, 22 24, 27, 28,
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139, 161
statement of, 16
for vector functions, 202
telescoping sum, 49, 164
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topic modeling, 102
training, 1, 192

unbiased gradient estimate, 75, 77
utility maximization, 184 185
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